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Abstract. In this paper, two methods of kernel bandwidth and wavelet transform are used for simultaneous
upscaling of two features of hydrocarbon reservoir. In the bandwidth method, the criterion for upscaling is
the cell variability, and by calculating the optimal bandwidth and determining the distance matrix, the upscal-
ing process is performed in a completely non-uniform and unregularly manner. In areas with extreme variabil-
ity, the bandwidth is considered small enough to maintain the fine scale characteristics of model. Conversely in
homogenous areas, with the choice of large bandwidth, the maximum rate of upscaling will occur. The band-
width upscaling algorithm is an iterative and hierarchical algorithm. The bandwidth method, unlike conven-
tional scale-up methods, focuses on how to upgrid cells and, by determining the optimal averaging window,
we will have the least loss information for the fine scale model. Upscaling is a pre-processing to building a
simulator model with lower cell number, and thus, reducing volume and computational cost, while maintaining
and retaining the basic information of the fine model. Due to the various variability of the reservoir features, the
attribute upscaling pattern differs, and in order to show the variability of two features in the upscaling model
simultaneously, it is suggested in this paper to upscale two features simultaneously. For simultaneous upscal-
ing, we applied two different approaches; minimum and maximum bandwidth. Moreover, wavelet transforma-
tion is applied to upscaling the model. Then, as a result, the variance of the scale-up models based on wavelet is
about one-third of the variance of the bandwidth method. Simulation results show that the bandwidth method
is a good approach for upscaling the heterogeneous reservoirs.

1 Introduction

Reservoir simulation plays an important role, and is used to
predict and analyze fluid for decisions and management of
oil production. Models for geological characterizations
typically contain many cells. The number of cells is typi-
cally an order of 107�1010 cells, which are referred to as fine
scale models. These models represent geological variation
on fine scales. Upscaling of the geological fine model is
required because computational costs can make it unpracti-
cal to perform compositional simulations in fine-scale mod-
els. Therefore, upscaling of fine-scale geological models is
important and the use of coarse-scale models in reservoir
simulation is necessary to reduce computational time [1].
To develop a reduced-order model from a fine scale model,
first, we must create a grid model with reduced spatial

resolution, and then, capture reservoir features to a new
coarse scale model using a suitable upscaling method. Final-
ly, we have to allocate to each coarse cell an equivalent va-
lue [2–7].

Based on different factors, there are many upscaling
methods in the literature. For example, according to the
parameters that should be upscaled, upscaling techniques
are classified in single-phase and two-phase flow parameter
upscaling. Single-phase methods, which are used for upscal-
ing of static parameters such as porosity and absolute
permeability, consist of analytical methods, flow based
methods, wavelet, renormalization, etc. For example,
Renormalization is a suitable upscaling technique when
connectivity is considered as a feature [8]. However, in
two-phase flow case, relative permeability can be upscaled
as a property. These methods include pseudo methods,
dynamic pseudo, and vertical-equilibrium [2, 4, 5]. Preux
et al. considered some upscaling techniques and by* Corresponding author: azad66.mohammad@gmail.com
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comparing their results chose the appropriate upscaling
method [8].

Geological models have some complexities in order to
fluid flow simulation. In this situation, it is necessary to look
at the issue from a multiscale perspective. In this way,
many goals will be pursued: data integration, reduce uncer-
tainty as well as reduce computational costs. Noetinger and
Zargar (2004) have studied the importance of having a
multiscale qualification of fluid flow simulation from the
perspective of a reservoir engineer in a comprehensive
review. They have considered all relevant problems from
the geological model to the simulation model [9]. Consider-
ing the importance of identifying discontinuities and hetero-
geneity in reservoirs, traditional upscaling methods do not
have the required efficiency in complex and heterogeneous
reservoirs, and it is necessary for upscaling based on the
variability. Among upscaling methods that work based on
variability, we can refer to the wavelet transform and the
bandwidth of the kernel function. Wavelet transformation
works in a non-uniform and intelligent way with a multi-
resolution upscaling approach, in which areas with severe
variability will remain fine and areas with moderate
smoothness will be coarse [10–12]. The application of wave-
let transforms to the coarse graining of flow in porous media
is not a new concept and in these studies; a wavelet trans-
form is applied to the reservoirs to map the important infor-
mation at diverse scales with a set of approximations and
detail coefficients [13–18]. Bouard et al. used with the sepa-
rable 3D wavelet transform to decomposition properties
such as porosity and they evaluated the simulation results
in different decomposition levels [19]. The wavelet draw-
back is that the upscaling process is done in binary way.
For example, in two dimensions, four cells are either merged
or not, and there is no state between them. This problem
can be solved by the bandwidth method.

Moreover, the main challenge in preparing upscale
models is to optimize the upscaling method. The global
upscaling method is composed of upgridding and upscaling.
A procedure of selecting the appropriate option in merging
the cells is called upgridding. Once the option is chosen, the
standard procedure of upscaling is performed. Therefore,
the main challenge in the upscaling process is how to upgrid
the cells, otherwise the essence of any upscaling method is
averaging [20]. If the upgridding done is based on cell vari-
ability, the coarse scale model will have the least difference
with the fine scale model. In this paper, we propose a new
method based on bandwidth of kernel function in which
upgridding will be a function of cell variability. Bandwidth
will determine the development of scale-up cells in a coarse
scale grid.

In order to determine the number of cells in the coarse
scale model, a proper division based on the cell variability
must be made. This process can be likened to the determi-
nation of bandwidth in the kernel function method. In the
proposed method, upscaling is a function of bandwidth,
and the bandwidth is a function of cell variability [21].
The basis for upscaling will be the variability. The method
is based on the distance of adjacent cells. This method
searches for cells with the most similarity, and then, based

on the defined bandwidth; the upscaling process will be
performed. The main difference between this method and
other upscaling methods is to scale up in the manner of
the upgridding. When upgriding is right, scaling up will
have the best result. Moreover, in this method, the scale
does not follow a particular trend, and non-uniform coars-
ening is applied in every porous medium.

In other hand, in fluid flow simulation, the upscaled
model for all reservoir properties, including permeability,
porosity, saturation, type of rock, etc., is considered the
same, regardless of the spatial distribution of different prop-
erties. The behavior and distribution of the variability of
two distinct properties, such as permeability and porosity,
are different in the reservoir, thus, their upscaling pattern
must also be different. Since all parameters are used in fluid
flow simulation, it is therefore necessary to calculate the
upscaling pattern based on the variability of each property.
In this paper, simultaneous upscaling of the two features or
properties is used to show the effect of the variability of the
two features of the reservoir in the upscaled model.
Hierarchical multiresolution simultaneous upscaling of
two features based on the kernel function bandwidth allows
the ability to achieve the same pattern for both features, so
that the number of cells and the placement of fine and
coarse cells is the same for them, and only the difference
between the models is the quantitative amounts of the
features. In this regard, Azad et al. [22] first used the band-
width method for simultaneous upscaling of two petrophys-
ical properties of the reservoir in one dimension. Using
different approaches, they calculated simultaneous upscaled
model for two properties [22]. Moreover, Azad et al. [23]
compared two upscaling methods: the bandwidth and
wavelet transformation for simultaneous upscaling of two
petrophysical properties of the reservoir in one dimension.
They showed that the bandwidth method was more accu-
rate than the wavelet method in order to maintain the basic
information of the reservoir [23].

The main purpose of this paper is simultaneous upscal-
ing of two features in reservoirs, particularly permeability
and porosity, using the kernel bandwidth method. The
proposed upscaling method in this paper is applied for
SPE-10 model [2]. The model has a simple geometry to pro-
vide maximum flexibility in comparing upscaled grids. At
the fine scale model, it is described on a regular Cartesian
grid. The model dimensions are 1200 � 2200 � 170 ft,
which constitutes two different formations: Tarbert Forma-
tion, and Upper Ness Formation. The fine scale cell size is
20� 10� 2 ft, and the model consists of 60� 220� 85 cells
(1.122 � 106 cells). Figure 1 shows the porosity for the fine
model, which varies in range from 0% to 50%. The reservoir
contains channeling paths, with perpendicular permeability
to the horizontal one equals 0.3 and in other areas; this
value is up to 0.0001 declines [24, 25].

In summary, we have followed two main new strategies
in this research: (1) we applied a new method in upscaling
that is based precisely on the cell variability (Bandwidth)
and then we have compared these results with a well-known
method in upscaling that is referred to wavelet transforma-
tion. Bandwidth solves all the disadvantages of wavelet as a
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common method of upscaling. This method allows the reser-
voir engineer to execute the scale model and then the
simulator model, depending on the number of upscaling
cells. As will mention in the following text, by selecting
the appropriate bandwidth, the number of enlarged final
cells can be controlled. Moreover, the upscaling error is
always visible and based on the amount of error, and then
we can calculate the upscaled model. (2) Another innova-
tion of this paper, which is more important than the first,
is the simultaneous upscaling of two reservoir features
(porosity and permeability). Basically, in simulation topics,
upscaling is not done simultaneously. Typically, for all
attributes with varying variables, a unique upscaling
pattern is considered, which in turn causes errors and infor-
mation loss. In this paper, an intelligent algorithm is used to
determine the model of Simultaneous Upscaling of Two
Features (SUTF). This means that the local variability of
both features is considered and portrayed in this final
model. Our focus in this article has been on upgridding,
otherwise upscaling is nothing more than averaging.

2 Research methodology

2.1 Bandwidth method

Kernel density estimation is an important smoothing
technique. It has been applied to non-parametric problems,
e.g. discriminant analysis, goodness-of-fit testing, hazard
rate estimation, intensity function estimation and regres-
sion, in which the main idea is to estimate the density
function at a given point using neighboring observations
[26–28]. A typical form for the multivariable kernel density
function is shown in equation (1).

f̂ xð Þ ¼ n�1
Xn
i¼1

Yd
j¼1

h�1
i K xi � xij

� �
=hi

� �( )
: ð1Þ

The data matrix X contains the number of n indepen-
dent random d-dimensional vectors x ¼ x1; x2; . . . ; xdð Þ 2
Rd drawn from the density f(x), that must be estimated.
Here, the function K is called the kernel and h is the
variable bandwidth. Determining bandwidth is a crucial
step in estimation [29]. In estimation, in areas with extreme
variability, the best estimate can be made by choosing a
small bandwidth, and vice versa.

In this paper, we employ the bandwidth for upscaling.
The upscaling in this method will be a function of variabil-
ity. Similar to what is defined in the kernel function esti-
mate for bandwidth, it can also be used to scale up. To
determine the number of cells in the upscaled model, a
proper distribution based on cell variability should be
made. This approach can be used to determine the band-
width of the kernel function. In areas of the reservoir where
the variability is intense, considering the small bandwidth,
minimum upscaling will occur, and these areas will remain
fine scale. Conversely, in areas with low and smooth
variability, considering the choice of large bandwidth, most
cells will be merged together.

The main challenge in bandwidth approach is to deter-
mine optimal bandwidth. The domain bandwidth changes
are determined by the feature changes. For each bandwidth
value, the upscaled model will be obtained exclusively.
Because the basis of the upscaling is bandwidth, and the
cells are merged together when the bandwidth allows, there-
fore, determining optimal bandwidth is crucial. In order to
determine the optimal bandwidth, we have introduced
various methods in previous studies [18–20]. One of these
methods uses a defined number of cells for the final upscaled
model before starting the upscaling process; this is an
important distinguishing feature of this method compared
to conventional upscaling methods in which the number
of cells in the final upscaled model before starting the
upscaling process is unknown. Suppose the fine model has
1 million cells. If the goal of upscaling is to provide a simu-
lator model with 100 000 cells, then, this can be done by
determining the bandwidth appropriate to this number of
cells. In fact, using this method, we can achieve 100 000 cells
that have the most variability of the fine scale model.

In two-dimensional (2D) case, the bandwidth is defined
as a vector (kx, ky). For example, two cells in x direction will
be upscaled if their difference is less than kx. After determin-
ing the bandwidth, the distance matrix must be calculated.
The distance matrix represents the similarity of cells. Given
that the purpose of upscaling is to identify areas with the
least feature variations, as well as to identify the cells with
the most similarity, the distance matrix will be a similarity
pattern. The starting point of the upscaling process is the
minimum point in this matrix. Each entry of the matrix
represents the position of two neighboring cells. If this
amount is less than the optimal bandwidth in the specified
direction, then the two cells will merge together and a
coarse cell will be built. After the first upscaling step, the
distance matrix should be updated because the distances
will change. The process is hierarchical and repeatable,
and when the difference of two cells is more than the
bandwidth, the operation will stop. Equation (2), given in
the following, is used to calculate the distance matrix:

a b

Fig. 1. (a) Porosity and (b) permeability fields for the SPE-10
Top Layer [25].
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here Dx and Dy are the distance matrices in x and y direc-
tions and P is desired feature quantity. The smallest value
in the matrices is known as the starting point for the upscal-
ing process. Each distance represents the position of two
neighboring cells.

Obviously the scale-up process based on the distance
matrix and bandwidth will be done in such a way that
the cells with the highest degree of similarity will be merged.
If the algorithm is stopped, this ensures that the cells are
merged together when the difference of the cells is less than
the bandwidth. The cells that remain in the fine scale are
those that have been highly variable and their distance is
far away in the matrix. The two-dimensional upscaling
algorithm is presented as a schematic flow diagram in
Figure 2.

2.2 Wavelet transformation

Wavelet Transform (WT) is a method for upscaling that
have been used to upscale heterogeneous porous media by
coarsening the property field such as permeability and
porosity. The method upscales the high-resolution geologi-
cal model non-uniformly so that we can preserve the impor-
tant information on the spatial distribution of the feature
field. Thus, the number of grid blocks in the computational
grid and, hence, the number of flow and transport equations
to be solved are reduced drastically without loss informa-
tion about the feature field [11–14, 17, 30]. In the wavelet
transform, each signal is divided into two series of approx-
imation and detail coefficients. These coefficients are
determined based on scaling and wavelet functions.

Suppose we have a 1D signal with a resolution of 8 data
as shown in Figure 3. The Haar wavelet transform is
shown in Figure 3. First row is the signal. After decom-
position, signal separates in two series coefficients: four
approximations and four detail coefficients. Approximation
coefficients are calculated based on the mean of samples
pairwise, and then the difference between the pair is
referred to as detail coefficients.

The 2D Haar wavelet decomposition can be computed
using 1D Haar wavelet decompositions because 2D Haar
wavelet basis is separable. In two dimensions, we have three
wavelet functions and only one scaling function. Wavelet
transform attempts to upscale the feature by a factor 2.
In 2D square grid, (i1, i2) is the center of block, which
has four wavelet coefficients, and consists of three wavelet
detail coefficients and one approximation coefficient.

The optimal bandwidth for the feature is determined 
in two dimensions 

[ ]

Distance matrices are calculated along x and y

The two cells are converted into a 
large cell

Calculate the upscaling error and the number of upscaled cells

The smallest element of the matrix is determined and is 
compared with the bandwidth

Is the distance less than the 
bandwidth?

Yes

No

Fig. 2. Two-dimensional upscaling algorithm based on the kernel bandwidth.
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The detail and approximation coefficients are calculated
using equation (3):

Sj i1; i2ð Þ ¼
Z 1

�1
f x; yð Þuj;i1; i2 x; yð Þdx dy;

D dð Þ
j i1; i2ð Þ ¼

Z 1

�1
f x; yð ÞwðdÞ

j;i1; i2 x; yð Þdx dy ð3Þ

where u is called the wavelet scaling function and is
orthogonal to w, which is called wavelet detail function
or mother wavelet. In this article, we have used the Haar
wavelet as the mother wavelet. In fact, the wavelet anal-
ysis is a measure of similarity between the basic functions
(wavelets) and the signal itself. In this equation,
D dð Þ

j i1; i2ð Þ measures the difference between f(x, y) in the
coarser scale and their neighbors in the previous level,
with d = 1, 2 and 3 in the x, y and diagonal directions.
Moreover, Sj(i1, i2) measures the basic information about
f(x, y) in the coarser level. The subscript j is the upscaling
level.

The main idea of the application of wavelet transform is
to minimize the averaging in upscaling. In the wavelet-
based upscaling, after analyzing the signal to the desired
level, the last approximation coefficients and the remaining
detail coefficients are introduced as the upscaled signal. For
upscaling, we must specify two thresholds es, ed for the
approximation and detail coefficients respectively. These
thresholds are the key to upscaling wavelet transform.
These values determine whether scale coefficients or details
are significant. es is calculated based on the maximum
approximation coefficients that is a measure of the cells’
feature (such as porosity), with which is related a corre-
sponding wavelet scale coefficient, and also ed is the fraction
of the largest detail coefficients which measures the contrast
between the porosities or permeabilities of the neighboring
cells. To implement the upscaling process, we compare
the approximation and detail coefficients with the thresh-
olds. If Sj (i1, i2) < es, and also D dð Þ

j i1; i2ð Þ < ed, then each
of the four cells with the center (i1, i2) will be merged
together. If Sj (i1, i2) < es, there is no need to check the
detail coefficients and the cells remain fine [11]. This con-
firms that the cell’s feature is large enough and we must
move to the next cell. Therefore, in this method, only cells
whose detail and approximation coefficients are less than

the thresholds will be merged. In the later levels of upscal-
ing, the cells that remained fine in the previous level will not
enlarge in later levels.

The main challenge in wavelet-based upscaling is to
determine thresholds. It is crucial to recognize the impor-
tance of coefficients. If the threshold is set to zero, no
upscaling will be made and conversely, if the thresholds
are set to the maximum, the whole grid will be merged into
a cell. Many methods have been developed in the threshold
setting, one of which is the limit value defined by Donoho
and Johnstone, which is known as the general threshold,
which is calculated with c ¼ r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 logðnÞp

. In this case,
r is the standard deviation of coefficients and n is the
number of samples at each level [30].

3 Upscaling

In this paper, upscaling has been carried out using two
methods: bandwidth and wavelet. The main purpose of
the paper is simultaneous upscaling of the two features
but first, the single-feature upscaling is required. Therefore,
Section 3.1 is presented for upscaling of a feature in the
two methods, and then, in Section 3.2 simultaneous
upscaling of the two properties of porosity and permeability
is investigated. Finally, the results of the two methods are
compared in Section 4 of the paper.

3.1 Single-feature upscaling

3.1.1 Bandwidth-based upscaling

The bandwidth upscaling algorithm based on the distance
matrix measures the distance of two adjacent cells in the
x and y directions and stores them in matrices of
(n � m � 1) in the x direction and (n � 1 � m) in the y
direction. In this case, n and m are the amount of data in
rows and columns, respectively. The purpose of upscaling
is to combine cells with similar and interchangeable vari-
ability. The smallest element of the distance matrix is the
starting point of the algorithm. Then, the distance matrix
elements are compared with the optimal bandwidth vector.
If the spacing of the two specified cells is less than the band-
width, the two cells merge to one coarse cell. For each step
of upscaling, the distance matrix will be computed again

a b

56  40  8  24  48  48  40  16

48  16 48  28

32  38

8  -8  0  12

16  10

35 -3

Signal

S1

S1S2

D1

S1D2

S1S2S3 S1S2D3

Fig. 3. (a) Wavelet decomposition and (b) 1D decomposition.
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because the distance of adjacent cells to the coarsened cells
will change. This process is an iterative and hierarchical
process. The stopping condition of the algorithm is the
bandwidth. If the difference between the two cells is greater
than the bandwidth, the upscaling will not be performed.
Using this algorithm, the upscaling initially starts from
areas far from the reservoir heterogeneity and approaches
in the next steps to heterogeneous areas.

The proposed scale-up algorithm is applied on SPE-10
model data [2]. Porosity data has been used to single-
feature upscaling. The vector (0.1365, 0.1454) is the opti-
mum bandwidth of the porosity data. In fact, two cells in
the x direction can be magnified until their difference is
not greater than 0.1365. The output parameters of the
upscaling algorithm are the number of coarse cells and
the upscaling error. We can control to prevent coarse cells
from adapting to the small cells by adding a constraint to
the size of the coarse scale cells. In fluid flow simulation,
the dimensions of adjacent cells should not exceed 2–3 times
of each other. Table 1 shows the upscaling parameters of
the porosity based on the bandwidth method. Naturally,
by selecting the smaller bandwidth, the scale-up model
will be more similar to the original or fine model, and the
larger bandwidth yields to an upscaled model in which more
information from the fine scale model is lost. This can be
seen in the error rate as well as the variance of the models
in different bandwidths. As mentioned earlier, when the
bandwidth increases the number of averaging between
the property values of the cells increases, and hence, the
number of cells in the upscaled model decreases (Tab. 1).
Furthermore, as can be seen from Table 1, the variability
and variance of the models will decrease by increasing
bandwidth.

Figure 4 shows the fine and coarse scale models for the
SPE-10 porosity model. Figure 4a is the fine scale porosity
and Figure 4b shows the scaled-up model based on the opti-
mal bandwidth. Figures 4c and 4d illustrate the enlarged
form of a specified part of the grid. These sections describe
how to upscale the fine scale model.

3.1.2 Wavelet-based upscaling

The purpose of upscaling is to create cells with specific
properties for fluid flow simulation. Every upscaling method
involves an averaging process; therefore, it is inevitable to
remove some details in the coarser cells. On the other hand,
if less averaging is done, minimum information from the fine
scale model is lost. The main idea based on the wavelet
transform is to increase the scale, reduce the number of

averages, and thereby, preserve the basic and important
information of the fine model. As mentioned earlier, the
scale-up process using the wavelet transform approach is
not uniform, and the grid will become coarse fully
intelligent.

The basis of upscaling in wavelet transform is the
calculation of approximation and detail coefficients. At
each decomposition level, the grid with a factor of 2 will
be upscaled in two directions. To implement the upscaling
based on this method, the thresholds are determined for
the coefficients. At each step, the cells will be coarse if the
detail and approximation coefficients will be lower than
the thresholds. Coefficients greater than the thresholds
indicate the high importance of the cell and there is a reason
for not to break and scale up. Areas that remain fine scale
at current step will be fine at later stages. The key point in
the wavelet-based upscaling is to determine the thresholds
for approximation and detail coefficients. By selecting the
smaller thresholds, more information will be retained and
the coarsening will start far from heterogeneities. The
reason for choosing the approximation threshold is to
maintain the fine structure of the grid in areas with high
values of variables that must be fine-tuned to avoid loss
of information.

The threshold can be applied in two ways of: (a) con-
stant at each step and (b) variable and decreasing form.
In order to better understand the effects of the desired
feature distribution at different stages of coarse-graining,
threshold values can be selected as a reduction at higher
levels of decomposition. By decreasing the threshold at
higher stages, the sudden increase in the cell size is con-
trolled, and this can result in that the fine-scale cells not
being placed next to very coarse cells. Thresholds are the
fraction of the largest coefficients at special level. Figure 5
shows the result of upscaling based on the wavelet
transform with decreasing threshold at four levels as
{0.9, 0.8, 0.7, and 0.6}. The threshold concept means that,
for example, in the first step, areas with approximation
coefficients of less than 90% of the largest approximation
coefficient at that level, and also, detail coefficients of less
than 90% of the largest detail coefficient at that level, will
be merged.

As shown in Table 2, the fine scale data of the SPE-10
porosity model after scaling up based on the wavelet trans-
form to fourth level will convert to a model with 2881 coarse
cells. The concept of decomposition up to level 4 is that in
the process of upscaling, the maximum size of a coarse cell
will be 16 times of the size of a fine cell. The upscaling
parameters for the porosity model after scaling up based

Table 1. Upscaling parameters of porosity model.

Model Upscaling error No. of cells Variance

Fine scale model 0 13 200 0.008
Upscaled model with bandwidth (0.1365, 0.1454) 10.8 3593 0.006
Upscaled model with bandwidth (0.143, 0.165) 41.96 2409 0.005
Upscaled model with bandwidth (0.105, 0.122) 4.63 4593 0.007
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on the wavelet transform are presented in Table 2. The
data variance can be a measure of the loss information in
the fine scale model. In the scale-up model based on the
wavelet constant threshold, the variance of the porosity
model is reduced to 0.0015. In addition, the variance of
model has been reduced to 0.0025 at the stepwise threshold
but it gives better result than fixed threshold. The upscaling
error in the two cases also confirms this result.

3.2 Simultaneous Upscaling of Two Features (SUTF)

3.2.1 Bandwidth-based upscaling

In this method, to determine the SUTF model, the porosity
and permeability scaling models are directly compared.
This method will have two different approaches: the mini-
mum bandwidth approach and the maximum bandwidth
approach. In the minimum bandwidth approach, the two
models are compared and depending on how the cells are
coarsened, the smaller bandwidth will be considered as
the step criterion of scaling for the SUTF model. For exam-
ple, suppose that along the x direction, 3 cells are merged in
the permeability model and 8 cells are merged in the poros-
ity model. Therefore, based on the minimum bandwidth,
3 cells will be considered as the bandwidth or dimension
of a coarse cell in the x direction for the SUTF model. This

process in the y direction will be done similarly. After deter-
mining the structure of the SUTF model, the porosity and
permeability data will be calculated for the coarse-scaled
cells in the final model. Finally, an identical scale-up model
will be calculated based on the minimum bandwidth
approach for both features. The upscaling error of each
feature for the SUTF model will be different from that of
the single upscaled model due to decreasing the number
of averages, and in particular, it is less than that of the sin-
gle upscaled model. It is also obvious that the number of
cells in the SUTF model is greater than the number of cells
in the single-feature upscaling models. The SUTF model is
an identical model for the porosity and permeability
features, and the difference between them is only the cell
values, otherwise the dimensions and location of the coarser
cells will be the same for both features. The results obtained
for the SUTF model are shown in Table 3.

The SUTF model has 5342 coarse-scale cells for the
porosity and permeability features. The SUTF model with
these coarsened cells is the best model to show simultaneous
variability of the two properties that most closely matches
the fine-scale model. Figure 6 shows the results of the scale
up and the SUTF model based on the minimum bandwidth
approach.

As shown in the enlarged sections of the models (Figs. 6c
and 6d), the upscaling has been done in a completely
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9 fine cells 

merged in a 

coarse cell

The cell remains 

fine due to its large 

differences with its

neighbors

Fig. 4. (a) Fine-scale porosity model, (b) upscaled model, (c) enlarged section of fine model and (d) enlarged section of upscaled
model.
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non-uniform way without any order. It is observed that the
two models are quite similar and the only difference is in the
type of property and the amount of cells. The cell distribu-
tion does not follow a certain order, and the upscaling has
been carried out just based on variability. In the maximum

bandwidth approach, the larger bandwidth will be the crite-
rion for constructing the SUTF model. In this case, statisti-
cally in each area, the assembly of the two models will be
selected as the coarse cell. It is therefore obvious that the
number of coarse-grained cells in the SUTF model is lower

ba
16 fine scale cells are merged in one coarse cell

4 fine scale cells are merged in one coarse cell

c

Fig. 5. Wavelet-based upscaling: (a) Fine scale of porosity model, (b) upscaled model, (c) enlarged section of the upscaled model.

Table 2. Upscaling parameters based on the wavelet method.

Model Upscaling error No. of cells Variance

Fine scale model 0 13 200 0.008
Upscaled model with fixed threshold 85 2435 0.002
Upscaled model with decreasing threshold 79 2881 0.003

Table 3. Upscaling parameters in minimum bandwidth approach.

Model Upscaling error No. of cells Variance

Fine model of porosity 0 13 200 0.008
Fine model of permeability 0 13 200 1.5340 � 106

Upscaled model of porosity 10.8 3593 0.006
Upscaled model of permeability 3.01 � 107 3427 1.5300 � 106

SUTF model of porosity 41.96 5342 0.007
SUTF model of permeability 6.14 � 107 5342 1.5319 � 106
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than in the single-feature models. Moreover, the upscaling
error of the SUTF model will be greater than the errors of
single-feature models for the porosity and permeability
properties. Table 4 shows the scale-up parameters of the
SUTF model in the maximum bandwidth approach.

The SUTF model has 2448 coarse cells. It is clear that
the number of cells in the SUTF model is lower than the
single-feature model, because, depending on the maximum
bandwidth setting, some cells in the single-feature model
may be resized and merged again, which leads to an increase
in the computational error. The upscaling error for porosity
increases from 10.8 to 44.6 as well as it increases from
3.1 � 107 to 9.09 � 109 for permeability data. The results

of upscaling on the maximum bandwidth approach are
shown in Figure 7.

In summary, the SUTF models that are obtained with
maximum and minimum bandwidths have 5342 and
2448 coarse-scale cells, respectively. The upscaling error of
the SUTF model in the maximum bandwidth approach is
far greater than that of the minimum bandwidth approach,
as the number of the averaging operations is substantially
increased. This is clearly seen in the enlarged sections of
Figures 5 and 6. In a same area of 8 � 8 fine-scale cells,
using the minimum bandwidth approach, 40 coarse cells
are obtained as a result of upscaling, in which 62% of the
fine scale structure is actually preserved. However, in the
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Fig. 6. (a) SUTF model of porosity, (b) SUTF model of permeability, (c) enlarged section of porosity model, (d) enlarged section of
permeability model, (e) data variability of section c, and (f) data variability of section d.
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maximum bandwidth approach, in this area, the SUTF
model has only 18 coarse-scale cells, that indicate only
28% of the fine model is maintained in the upscaled model.

3.2.2 Wavelet-based upscaling

Simultaneous Upscaling of Two Features is a new topic in
the wavelet field, and so far, nothing has been done in this
regard. Similar to the kernel function bandwidth method
described above, it can also be used in wavelet transform,
except that the scale-up model for the features is obtained
on the basis of wavelet transform. The wavelet-based
upscaled models for porosity and permeability features have

2881 and 1218 coarse-scale cells, respectively. The SUTF
model with the same strategy as shown in the bandwidth-
based upscaling method, with the specified inputs, is shown
in Figure 8. Table 5 also indicates the scale-up parameters
of different models. The SUTF model has 3005 coarse-scale
cells that comprise only 22% of the fine-scale model data.
The upscaling error of the SUTF model for both features
is less than that of the single-feature upscaling because of
increasing in the number of coarser cells of the SUTF
model. However, the behavioral variance shows the
opposite.

As can be seen from Figure 7, the coarse scale perme-
ability feature model and its SUTFmodel are very different.

ba

dc

Fig. 7. (a) SUTF model of porosity, (b) SUTF model of permeability, (c) enlarged section of porosity model and (d) enlarged section
of permeability model.

Table 4. Upscaling parameters in maximum bandwidth approach

Model Upscaling error No. of cells Variance

Fine model of porosity 0 13 200 0.0083
Fine model of permeability 0 13 200 1.5340 � 106

Upscaled model of porosity 10.8 3593 0.00639
Upscaled model of permeability 3.01 � 107 3427 1.5300 � 106

SUTF model of porosity 44.6 2448 0.0053
SUTF model of permeability 9.09 � 109 2448 8.46 � 105

M.-R. Azad et al.: Oil & Gas Science and Technology – Rev. IFP Energies nouvelles 76, 26 (2021)10



This difference is also seen in the difference between Sum of
Square Error (SSE) and data variance of models. In the case
of permeability, the number of cells in the SUTF model is
more than twice of that of the single-feature model, as
shown in Figure 7. In contrast, coarse-scale models of the
porosity in single-feature and SUFT models are very
similar. Generally, the number of cells in the SUTF models
is approximately the same. However, the number of cells in
the single-feature upscaling models is different.

4 Comparison of bandwidth-based and
wavelet-based upscaling methods

In this section, the results of upscaling obtained by the two
methods, i.e. kernel bandwidth and wavelet conversion, are
compared. The purpose of comparing the results is to eval-
uate the performance of the bandwidth method against the
well-known wavelet method for upscaling. Based on what
has been said, there is no idea about the number of cells

ba

dc

Fig. 8. Wavelet-based SUTF, (a) upscaled model of porosity, (b) upscaled model of permeability, (c) SUTF model of porosity and (d)
SUTF model of permeability.

Table 5. Wavelet-based upscaling parameters in minimum bandwidth approach.

Model Upscaling error No. of cells Variance

Fine model of porosity 0 13 200 0.0083
Fine model of permeability 0 13 200 1.5340 � 106

Upscaled model of porosity 85 2881 0.0025
Upscaled model of permeability 1.72 � 1010 1281 3.39 � 105

SUTF model of porosity 84 2448 0.0023
SUTF model of permeability 1.59 � 1010 2448 1.59 � 1010
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in the scale-up model in the wavelet transform method, but
in the kernel-bandwidth method, it is possible to perform
the scale-up process by determining the number of cells
before starting the process. In the bandwidth method, since
the upscaling is done based on the spacing matrix that
refers to variability, there is no doubt that before the algo-
rithm stops, all the cells that have the upscaling condition
are enlarged.

Table 6 shows the upscaling parameters of the SPE-10
porosity and permeability properties using two kernel band-
width and wavelet transform methods. The scale-up model
is based on the wavelet transform and has 2881 coarse-scale
cells. To compare this model with the result of upscaling
based on the kernel function bandwidth, it is enough to
select the bandwidth corresponding to this number of cells
and calculates the scale-up model for the desired feature.
The bandwidth upscaling algorithm is capable of terminat-
ing the scale-up process by applying a coarse cell number
constraint and presenting the simulator model. In single-
feature upscaling, the kernel bandwidth error is less than
the wavelet transform in both properties. The variance of
data in the scale-up model based on the kernel bandwidth
is about 3 times of the variance of the data in the scale-
up model based on the wavelet transform. Therefore, it
can be concluded that the kernel function bandwidth
upscaling model is more similar to the fine-scale model
and is able to retain the highest variability and variance
of data with the same cell number as that of the wavelet
transform method.

The SUTF results obtained using different approaches
can also be compared. The SUTF model obtained using
minimum bandwidth approach and based on wavelet trans-
form consists of 3005 coarse cells. As shown in Table 6, the
calculated upscaling errors of SUTF model for porosity and
permeability properties are 84 and 1.59� 1010, respectively.
Furthermore, the simulator model based on the kernel func-
tion bandwidth method has 5342 coarse-scale cells with
upscaling errors of 41.96 and 6.1 � 107 units for porosity
and permeability features, respectively. It is clear that the
upscaling error of kernel function bandwidth is lower than
the wavelet transform method in both single-feature upscal-
ing and simultaneous two features upscaling modes. The
reason for this difference that the upscaling algorithm is
designed on the basis of data variability.

Figure 9 shows a comparison of part of the grid
for the porosity and for the two upscaling methods.

The wavelet-based upscaling pattern is on a regular system
but non-uniform. While the bandwidth-based upscaling
pattern is very different from the wavelet-based upscaling
pattern; the results of both upscaling methods are seen in
irregular and non-uniform form. Figures 9a and 9b illustrate
the single-feature upscaling and Figures 9c and 9d show
the SUTF using both bandwidth and wavelet methods.
Figures 9e and 9f also show the variability of the data for
the SUTF models.

5 2D simulations

In order to considering the bandwidth upscaling method
performance, we applied a water injection plan to simulat-
ing a heterogeneous reservoir. Then, simulation results
compared in fine and coarse scale models. In this case, water
flooding is done from one face. In this state, water enters
from the west and oil leaves from the east face. The north-
ern and southern borders are closed un-current. Perme-
ability distribution is constructed as heterogeneous and
layered (anisotropic). Reservoir parameters are shown in
Table 7.

Simulation results are gathered in the following. For this
case, upscaling results of wavelet transformation and
bandwidth method compared with the fine geological
model. Wavelet results are based on the decreasing thresh-
olds and the bandwidth results calculated based on
Section 3.1.1. Figures 10 and 11 show the comparison of
the whole input water from the west border and the mean
reservoir pressure. The performance of the two models is
close to each other, but the bandwidth model, which is
based on the distance matrix and identifies similarities,
shows better and closer results than the wavelet transform
method.

Figure 12 compared the total oil production of reservoir
in different models. Despite the use of enlarge cells, both
upscaling models show an acceptable trend for the total oil
production of reservoir. As can be seen, over time and with
decreasing production rate, the models get closer together
and the upscaling error decreases. However, the bandwidth
results have more correlation with the fine scale model and
this can be justified according to the upscaling error
calculated in Section 4 of the article. Figure 13 has investi-
gated the average reservoir pressure in different models.

Table 6. Comparison of the results of bandwidth-based and wavelet-based upscaling methods.

Method Model Upscaling error No. of cells Variance

Bandwidth Porosity 30.51 2881 0.0059
Permeability 2.6 � 108 1281 1.02 � 106

SUTF porosity 41.96 5342 0.0068
SUTF permeability 6.1 � 107 5342 1.053 � 106

Wavelet Porosity 85 2881 0.0015
Permeability 1.7 � 107 1281 2.3 � 105

SUTF porosity 84 3005 0.0023
SUTF permeability 1.59 � 1010 3005 1.93 � 105
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Upscaling models have acceptable pressure behavior;
however, the behavior of the bandwidth model is closer to
that of the fine-scale model.

As mentioned earlier, increasing the speed of calcula-
tions as well as reducing the computational cost is one of
the goals of upscaling of geological models. Although no
direct simulation of the geological model has been
performed in this study, but based on the number of cells,

an estimate of the simulation time of the fine model can
be obtained and compared with the computational time
of the upscaled models. According to the estimation, the
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Fig. 9. (a) Bandwidth-based upscaling model, (b) wavelet-based upscaling model, (c) SUTF model based on bandwidth method,
(d) SUTF model based on wavelet method, (e) data variability of SUTF model based on bandwidth method and (f) data variability of
STUF model based on wavelet method.

Table 7. Reservoirs parameters in case study.

Reservoir dimension 60 � 220
Cell size 20 � 10 ft2

Porosity 0.3
Permeability Kmin = 20 md; Kmax = 1700 md
Initial reservoir pressure 5000 psi
Initial water saturation 0.1
Water viscosity 1 cp
Oil viscosity 100 cp
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Fig. 10. Mean reservoir pressure variation based on the time in
geological model and upscaled models.
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execution time of the model on a fine scale will be equal to
74 559 208 s [12]. Therefore, it is now possible to provide an
estimate of the speed of the upscaling models shown in
Table 8. As can be seen, the increase in speed in both meth-
ods of upscaling is very remarkable.

6 Conclusion

Upscaling of reservoir properties based on cell variability is
the main idea of scale-up in the kernel function bandwidth
method. Due to various degrees of variability in the cells,
the upscaling using this method is made in non-uniform
manner. Bandwidth-based upscaling is controlled by the
bandwidth in different areas. The number of upscaled cells
is a function of the heterogeneous level of the desired prop-
erty. In areas with high heterogeneity, the selection of small
bandwidths will preserve the basic information of the fine-
scale model, and in areas with smooth or small variability,
large bandwidths will reduce the number of cells. In this
paper, in order to show the simultaneous variability of
two features on a larger scale, we have employed SUTF
method. The SUTF model can be calculated using two
approaches: minimum bandwidth and maximum band-
width. Each scale-up method can be evaluated by two
important parameters, (a) accuracy of model and (b) com-
putation time. If the purpose of upscaling is to maximize
information retention, the minimum bandwidth approach
for constructing the SUTF model has a better response.
If computing time is the priority, the method of maximum
bandwidth approach to build the SUTF model will have
better results. The results of bandwidth-based upscaling
method have been compared with the results of wavelet-
based upscaling method as a well-known method in the
upscaling with a multiresolution approach. This compar-
ison confirms that under the same conditions, upscaling
error based on the bandwidth method is far less than that
of the wavelet method. In addition, the bandwidth method
can perform the scale conversion process, depending on the
number of cells as well as the expected error in the scale-up
model. These criteria can be very effective in managing time
and cost in fluid flow simulation calculations. By comparing
the simulation results, it can be seen that the bandwidth
method has much closer results than the wavelet method
to the results of the fine scale geological model.
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