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Abstract. Relative permeability is an effective tool for studying multiphase fluid flow in porous media. For
conventional reservoirs, a relatively reliable relative permeability curve can be obtained by laboratory core test.
But because of the coalbed gas reservoir permeability is low, the stable steady state method will take a very long
time, and the operation is relatively complex. For the non-steady state method, the coalbed gas reservoirs are
rich in micro nano pore, which causes the strong heterogeneity and gas is easy to break in through the cracks, it
makes non-steady displacement experiment very difficult. Also, the experimental results are greatly affected by
human factors and computational methods. Therefore, based on the ideal pore structure and the consideration
of different displacement mechanisms, the analytical method not only helps to understand the mechanism of
gas water two-phase flow, but also is a convenient and practical method. Coalbed methane reservoirs are rich
of nano pores, and the percolation process is more complicated due to the water. Consider of the nano pore
of the coal, the capillary force’s effect will be more important. The different pressure will cause different flow
channel, which will change the permeability. In this paper, the relative permeability model of coalbed methane
reservoir has been built which considers the gas diffusion and slippage effect, pore throat structure parameter,
water saturation distribution, and gas water interface pressure drop. It can describe the difference flow channel
between different pressure.

1 Preface

There is the huge amount of resources of CBM, the global
CBM resources are about 256.1 � 1012 m3, mainly in the
former Soviet Union, North America, and the Asia Pacific
region. In 2011, the global coalbed methane production
exceeded 700 � 108 m3 (Birol, 2010). However, due to the
characteristics of low porosity, low permeability, compli-
cated pore structure, high capillary pressure, and high
initial water content, the coalbed gas flow is very compli-
cated (Marle, 1981). Therefore, the study of gas water per-
meability curve of coalbed gas reservoir is the basis of gas
well productivity and water production evaluation and pre-
diction, and it is of great significance to the efficient and
economic development of coalbed methane reservoir (Yang
and Wei, 2015).

Relative permeability is an effective tool for studying
multiphase fluid flow in porous media. For conventional
reservoirs, a relatively reliable relative permeability curve
can be obtained by laboratory core test (steady state
method or non-steady state method) (Gong et al., 2014).
But because of the coalbed gas reservoir permeability is

low, the stable steady state method will take a very long
time, and the operation is relatively complex. For the
non-steady state method, the coalbed gas reservoirs are rich
in micro nano pore, which causes the strong heterogeneity
and gas is easy to break in through the cracks, it makes
non-steady displacement experiment very difficult. Also,
the experimental results are greatly affected by human
factors and computational methods (Chima and Geiger,
2012; Yang and Wei, 2015). The lattice Boltzmann
simulation at the pore scale is another feasible method to
obtain the phase permeability curve. However, this method
needs a lot of calculation resources and time, which leads to
some limitations in practical application (Li et al., 2014;
Wu et al., 2015a). Therefore, based on the ideal pore struc-
ture and the consideration of different displacement
mechanisms, the analytical method not only helps to
understand the mechanism of gas water two-phase flow,
but also is a convenient and practical method (Wu et al.,
2015a, b).

According to the different Knudsen number, which can
be calculated by average porous diameter (d) and the mean
free path of particle (k), the formula is Kn = k/d. The trans-
mission mechanism of the gas can be divided into continu-
ous flow (Kn < 10�3), slip flow (10�3 < Kn < 10�1),* Corresponding author: pengzy0328@sina.com
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transition flow (10�1 < Kn < 10) and free molecular flow
(Kn > 10) (Sampath and Keighim, 1982; Wu et al.,
2016a). The Knudsen number of typical coalbed gas reser-
voir pressure and temperature conditions is near 10�1,
therefore, the transmission mechanism comprises a continu-
ous flow and slip flow, and transition flow may be included
(Klinkenberg, 1941). Knudsen (1934) defined the ratio of
the mean free range of gas molecules to the porous medium
scale as the Knudsen number for characterizing the rarefied
effects of gases. Then, based on the Knudsen number,
Schaaf and Chambré (1961) divided the gas phase nano
hole transmission mechanism into four basic types, which
is continuous flow, slip flow, transition flow, and Knudsen
diffusion. After years of research, the continuous flow, slip
flow, and Knudsen diffusion, has formed a relatively
complete theoretical system (Fig. 1).

With further research, Ertekin et al. (1986) draw lessons
from weight factor, interconnection Fick diffusion and
Knudsen diffusion. But because of the weight factor will
not change with the Knudsen number, the results are quite
different from the result from molecular simulation and
experimental. Liu et al. (2002) given the weight factor’s
specific expression, while is limited the situation which
the Knudsen number must less than 1. The model built
by Beskok and Karniadakis (1999) is able to describe all
the transport mechanisms known for gas phases in nanos-
cale pore. But the model has multiple experience factor
and cannot degenerate to Knudsen flow model when the
Knudsen number is large. Javadpour et al. (2007) and
Javadpour (2009) linear addition slip flow and Knudsen dif-
fusion based on Maxwell theory to get the transmission
model in all Knudsen number. Subsequently, Darabi et al.
(2012) and Singh et al. (2014) revise the model by consider
real gas effect, pore wall roughness and so on. Recently,
Wu et al. (2014) have established the weighting coefficients
of diffusion and slippage flow according to the molecular
collision theory. The deduced gas flow model can be well
fitted with the molecular simulation results. Then further
correct the model on the basis of pore shape, pore wall
roughness, real gas effect and gas rarefaction effect
(Wu et al., 2015c–e, 2016b).

In this paper, the two order slip model and the weight
coefficient proposed by Wu et al. (2016b) are used to
correct the gas free Hagen–Poiseuille equation. Then, estab-
lished the gas water two phase relative permeability model
based on the fractal theory of porous media and capillary
bundle model, which considered gas slippage effect, pore
roar structure parameter and water saturation distribution.
Finally, the correctness of the model is verified by experi-
mental data in public.

2 Model building

Based on the Hagen–Poiseuille continuous equation, two
order slip model or no slip condition, introduced the weight
coefficients, and the transport model of gas and water in
micron scale pore is established by using boundary as cou-
pling condition. This model can take into account the influ-
ence of pressure and temperature on fluid transport, and
reasonably describe the gas flow behavior in the pore roar
of coalbed methane reservoir.

2.1 Single pipe flow model

If the flow of gas and water in the micron pores is laminar,
the velocity distribution of the fluid along the pipe diameter
still satisfies the continuity equation, if the boundary condi-
tions are properly treated (Cao et al., 2009; Wu, 2008).

Continuity equation of gas:
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� �
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Continuity equation of water:
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where v is flow velocity in pore (m/s), r is radial distance
from the middle of capillary to any position (m), r0 is cap-
illary radius (m), l is aqueous viscosity (Pa � s), p is pres-
sure (Pa), z is distance along the flow equation (m).

Fig. 1. Knudsen number and gas flow regimes Ertekin et al. (1986).
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Subscript w means aqueous phase, while subscript g
means gas phase.

Owing to the kinetic energy transfer in the gas–solid
near wall is affected by the molecules interaction between
gases and gases, or gases and walls. The gas molecules on
the wall do not completely adhere to the wall, which is
called the gas slip. When the number of Knudsen gas
increased to 10�3, its influence on the gas transmission can-
not be ignored (Sampath and Keighim, 1982; Wu et al.,
2016b). When the Knudsen number is less than 10�1, the
wall slip velocity can be characterized by the two order slip
model (Tocci et al., 2016):

vs ¼ C 1k
ovg
or

� C 2k
2 o

2vg
or2

����
r¼r0

; ð3Þ

where C1 and C2 are first order slip factor and second slip
factor, which often valued as 4/3 and 1/4 (Tocci et al.,
2016; Wu et al. 2017). k is mean free path of gas mole-
cules, which can be calculated by the follows:

k ¼ kbTffiffiffi
2

p
pd2pave

; ð4Þ

where kb is Boltzmann’s constant, T is absolute tempera-
ture, d is molecular diameter of methane, Pave is average
pressure of capillary inlet and outlet.

Due to the smaller pore size in the actual coalbed
methane reservoir, the transition flow of 10�1 < Kn < 10
cannot be neglected. Therefore, based on the weight coeffi-
cient of Wu et al. (2015d), superposition the continuous
flow and Knudsen diffusion of gas, correct the flow of gas
in the pores:

JT�tube ¼ fslip�tubeJ slip�tube þ fKn�tubeJKn�tube; ð5Þ
where JT–tube is total mass flow (kg/m2 � s), Jslip–tube is
mass flow at slip flow (kg/m2 � s), JKn�tube is mass flow
at Knudsen diffusion (kg/m2 � s), fslip–tube and fKn�tube
are weight coefficient of slip flow and Knudsen diffusion,
which can be calculated by the follows (Wu et al.,
2015a, b):

fslip�tube ¼ xm�m

xm�w þ xm�m
¼ 1

1þKn
; ð6Þ

fKn�tube ¼ xm�w

xm�w þ xm�m
¼ 1

1þ 1=Kn
; ð7Þ

where xm–m is collision frequency between molecules and
molecules, which depends on pore volume or cross-
sectional area. And xm–w is collision frequency between
molecules and walls, which depends on pore surface area
or perimeter.

For the boundary conditions of single-phase water flow,
because of the strong force of water molecules and solid
molecules, the boundary effect of single-phase flow is usu-
ally less than 1 nm (Katz and Thompson, 1985; Yu and
Liu, 2004), which can be ignored. Therefore, it can be
considered that the velocity of water molecules at the wall

surface is 0, and the wall effect has no effect on the water
transmission, which means single-phase water flow can be
characterized by the non-slip boundary conditions. So, the
boundary conditions of single-phase gas and single-phase
water flow can be expressed as follows (Fig. 2):

ovg
or

ðr ¼ roÞ ¼ 0; ð8Þ

vg
��
r¼r0

¼ vwjr¼r0 þ vsjr¼r0 ; ð9Þ

ovw
or

ðr ¼ roÞ ¼ 0; ð10Þ

vwjr¼r0 ¼ 0; ð11Þ

Integral equations (1) and (2), the flow equation of gas
phase and aqueous phase can be obtained as follows:

qg ¼ fKn

rp
L

p
8lg

r40 þ fslip
rp
L

� p
8lg

4C 1kr30 � 4C 2k
2r20

� �
; ð12Þ

qw ¼ rp
L

p
8lw

r40; ð13Þ

equation (11) is flow equation with boundary slip, while
equation (12) is the classical Hagen–Poiseuille equation
with no slip.

2.2 Relative permeability model

2.2.1 Fractal theory

From the macroscopic scale to the microscopic scale, a large
number of porous media in nature exhibit fractal and self
similar characteristics (Majumdar and Bhushan, 1990; Yu
and Li, 2011). According to the fractal theory, the cumula-
tive pore size distribution can be expressed as follows
(Yu and Cheng, 2002):

N e > rð Þ ¼ rmax

r

� 	Df

; ð14Þ

where N is number of pores, e is length scale (m), r and
rmax are aperture and maximum aperture (m), Df is frac-
tal dimension of pore size distribution, the ranges of 2D
and 3D holes are 0 < Df < 2, and it can be calculated
as follows (Bonnet et al., 2001):

Df ¼ d � lnu
lnðrmin=rmaxÞ ; ð15Þ

where d is Euclidean space, equals 2 or 3, in this work,
d = 2 has been used because the capillary can be regarded
as 2D, rmin is the minimum aperture (m), u is porosity.
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Total pore number between the maximum aperture and
the minimum aperture can be calculated as follows:

N ¼ rmax

rmin

� �Df

: ð16Þ

The distribution probability density function of pores with
different sizes can be calculated as follows (Xu and Yu,
2008):

f rð Þ ¼ Df r
Df
minr

� Dfþ1ð Þ: ð17Þ
Considering the actual pore in the matrix is tortuous, con-
tinuous characterization unit of porous media (REV) with
characteristic length L0, the actual length of the capil-
lary will be L, and the L can be calculated as follows
(Xu et al., 2013):

LðrÞ ¼ ð2rÞ1�DTLDT
0 ; ð18Þ

where DT is the tortuosity fractal dimension, the range of
2D and 3D are 1 < DT < 2 and 1 < DT < 3. DT = 1 means
a straight capillary, DT = 2 (in 2D) or 3 (in 3D) means the
capillary is infinite tortuosity and can fill the whole space
(Burdine, 1953). DT can be calculated as follows:

DT ¼ 1þ ln save
lnðL0=2raveÞ ; ð19Þ

where the parameter save and L0=2rave can be calculated as
follows:

save ¼ 1
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 �1=2 rmax

rmin
: ð21Þ

Use the porosity u, and the result of equation (15), the nec-
essary parameter of equation (19) can be calculated by
equations (20) and (21), which means the DT can be calcu-
lated by equation (19). Then, the relationship between
characteristic length L0 and actual length of the capillary
L is shown by equation (18).

2.2.2 Relative permeability model

In order to simplify the model, the complicated pore struc-
ture in coalbed methane reservoir is simplified as the capil-
lary bundle model, which consists of some unequal tortuous
capillary, which are vertical to REV. The fluid flows only
from the capillary bundle, and the circumferential aspect
of REV has no fluid flow, which is shown by Figure 3.
The pore size distribution and flow tortuosity of capillary
bundle model is satisfied with the fractal theory which is
shown by equations (14)–(21) (Kim et al., 2012).

A large amount of adsorbed gas and free gas in the coal
reservoir are stored in nanometer pores, while a lot of
research in coal geology shows that the nanometer pores
in coal reservoir are mainly gas pore, which is formed by
gas production during coalification. And the other nano
pores are not the main pores because of their small number
or poor connectivity (Zhang, 2016). On the other hand, it is
difficult for water molecules to enter the nano pores of coal
because of the surface hydrophobic effect of organic matter
(Firouzi et al., 2014). So suppose there is a critical capillary
radius rc, the capillary which the aperture less than rc is full
of single-phase gas, while the capillary which the aperture
larger than rc may be full of single-phase gas or single-phase
water. And the capillary which the aperture less than rc are
randomly connected.

Fig. 2. Velocity distribution along the circular microtube of single gas/water flow.
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Based on the above hypothesis, the capillary connection
can be divided into two categories, the gas capillary which
the aperture less than rc connected with the gas capillary
which the aperture larger than rc, and with the water cap-
illary which the aperture larger than rc. The proportion of
the gas capillary connect gas capillary to total capillary is
a1, while the proportion of the gas capillary connect water
capillary to total capillary is a2:

a1 ¼
1� Sw �

R rc

rmin
pr2f ðrÞdrR rmax

rmin
pr2f ðrÞdr

1�
R rc

rmin
pr2f ðrÞdrR rmax

rmin
pr2f ðrÞdr

¼ 1� Sw � ðr�Df
c � r�Df

min Þ=ðr�Df
max � r�Df

min Þ
1� ðr�Df

c � r�Df
min Þ=ðr�Df

max � r�Df
min Þ

;

a2 ¼ Sw

1�
R rc

rmin
pr2f ðrÞdrR rmax

rmin
pr2f ðrÞdr

¼ Sw

1� ðr�Df
c � r�Df

min Þ=ðr�Df
max � r�Df

min Þ
;

where Sw is water saturation in matrix. Consider the influ-
ence of tortuosity and pressure, single tube flow formula of
gas and water (12) and (13) can be reduced as follows:

qg ¼ fKn

rp
LðrÞ

p
8lg

r40 þ fslip
rp
L rð Þ

� p
8lg

4C 1kr30 � 4C 2k
2r20

� �
; ð22Þ

qw ¼ rp
LðrÞ

p
8lw

r40; ð23Þ

where L(r) is the actual length of the pore path, rpg/L
and rpw/L are pressure gradient of gas and water.

Integral equation (22), for the gas phase flow into the
water phase, only the capillary force is less than pressure
gradient can be migrated. Gas volume flow of REV can
be shown as follows:

See equation (24) below.

where the rp is the minimum capillary radius that can be
displaced at present pressure, which can be calculated as
follows:

rp ¼ 2r
rp

:

Similarly, integral equation (23), water volume flow of REV
can be shown as follows:

Qw ¼ N
Z rmax

rc

qwf rð Þdr

¼ pDf r
Df
min

rpw
24�DTLDT

0 lg
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c

DT �Df þ 3

 !
: ð25Þ

On the other hand, the flow of gas and water can also be
expressed by Darcy’s expansion formula:

Qg ¼ �Kg

lg

A
ð1� SwÞ
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L0

; ð26Þ

Qg ¼ a1N
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Fig. 3. Physical conceptual model of gas/water flow pattern in
tight sandstone sample.
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Qw ¼ �Kw

lw

A
Sw

rpw
L0

; ð27Þ

where Kg and Kw are effective permeability of gas and
water.

See equation (28) below.

Solve the equations (24)–(27), the effective permeability
of gas and water can be shown as follows:

Kw ¼ �Sw
u

1� u
rDf�2
min

2� Df

24�Df LDT�1
0

� rDT�Dfþ3
max � rDT�Dfþ3

c

DT � Df þ 3
: ð29Þ

Bring Sw = 1 into equation (29), the absolute permeability
of coal can be shown as follows:

K ¼ � u
1� u

rDf�2
min

2�Df

24�Df LDT�1
0

rDT�Dfþ3
max � rDT�Dfþ3

min

DT �Df þ 3
: ð30Þ

So, relative permeability of gas and water can be shown as
follows:

See equation (31) below.

Krw ¼ Sw
rDT�Dfþ3
max � rDT�Dfþ3

c

rDT�Dfþ3
max � rDT�Dfþ3

min

: ð32Þ

3 Model verification and discussion

3.1 Model verification

This paper proving the reliability of the model by using two
sets of different test data of gas water relative permeability
in published papers (Zhang et al., 2017). Two test coal’s
porosity in the literature is 9.1% and 8.6%, while the
maximum and minimum aperture are rmax = 100 lm,
rmin = 0.001 lm. Fractal dimension of pore size distribution
Df and the tortuosity fractal dimension DT are calculated
by equations (14), (19), and (20). The pressure is 2 MPa
and 6 MPa.

A conclusion from the comparison results, the model
established in this paper by equations (31) and (32) can
be better fitted with the experimental data as Figure 4.
For the high pressure reservoir, the model is more accurate
than other model. Because of the effect of slippage and cap-
illary force have been considered in this model, which is
shown by Figure 5.

The model’s deviation can be calculated by the follow-
ing. The result of both effect is shown (Tabs. 1 and 2):

d ¼ ðkexperiment � kmodelÞ2: ð33Þ
From the calculation results, it can be seen that the model
has high fitting accuracy for both high pressure and low
pressure.

3.2 Discussion

Using the new model to calculate the gas relative permeabil-
ity in different pressure by the same properties in
Section 3.1, the result is shown as Figure 6.

Kg ¼ � 1� Swð Þ u
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; ð28Þ
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Fig. 4. Different model and experimental data in 2 MPa.

Fig. 5. Different model and experimental data in 6 MPa.

Table 1. Different model’s deviation in 2 MPa.

Experimental data He and Hua model This model

Sw krg krw krg krw krg deviation krw deviation krg krw krg deviation krw deviation

0.46 0.73 0 1 0 0.07 0 0.73 0 6.15E-08 0
0.53 0.50 0.01 0.75 0 0.062 0.0001 0.49 0.013 2.63E-05 0.000009
0.6 0.29 0.04 0.55 0 0.064 0.001 0.29 0.03 1.17E-06 0.000016
0.66 0.11 0.066 0.38 0.005 0.07 0.003 0.16 0.07 0.002 1.37E-05
0.72 0.06 0.12 0.25 0.02 0.03 0.01 0.07 0.17 7.22E-06 0.002714
0.77 0.037 0.23 0.14 0.05 0.011 0.03 0.027 0.32 0.0001 0.0081
0.82 0.013 0.49 0.07 0.14 0.003 0.12 0.005 0.48 6.83E-05 4.23E-05
0.89 0.0053 0.75 0.02 0.27 0.0002 0.23 0.002 0.75 1.09E-05 0.000025

Average 0.039 0.05 Average 0.0003 0.001
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With the increase of pressure, the gas relative perme-
ability increase fast in lower pressure, while changes a little
when the pressure is larger than 5 MPa. This is because
with the increase of pressure, the more nano pore can be
flown by fluid, but when the pressure is larger than
5 MPa, the pressure is larger than most pores capillary pres-
sure, the effect of pressure will become very small.

But because of the model has been using fractal theory
to describe the pore characteristic, which means the pores
distribution of different sizes is very regular, which cause
the relative permeability in different pressure is very simi-
lar, that will cause some error. If there were some more
accurate method to describe pore distribution, this method
will have higher precision.

4 Conclusion

Based on the Hagen–Poiseuille continuous equation with
two order slip model, introduced the weight coefficients
and fractal theory, considered the distribution of gas and
water, established a gas-water relative permeability model
of coalbed methane reservoir, and the transport model of
gas and water in micron scale pore is established by using
boundary as coupling condition. This model can take into
account the influence of pressure and temperature on fluid

transport, and reasonably describe the gas flow behavior in
the pore roar of coalbed methane reservoir which has been
validated by published experimental data of gas water
relative permeability, and can be used to describe the fluid
flow behavior in micro scale pores of coalbed methane
reservoirs.
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