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Abstract — Modeling multiphase flow through fractures is a key issue for understanding flow mechanism
and performance prediction of fractured petroleum reservoirs, geothermal reservoirs, underground
aquifers and carbon-dioxide sequestration. One of the most challenging subjects in modeling of
fractured petroleum reservoirs is quantifying fluids competition for flow in fracture network (relative
permeability curves). Unfortunately, there is no standard technique for experimental measurement of
relative permeabilities through fractures and the existing methods are very expensive, time consuming
and erroneous. Although, several formulations were presented to calculate fracture relative permeability
curves in the form of linear and power functions of flowing fluids saturation, it is still unclear what form
of relative permeability curves must be used for proper modeling of flow through fractures and
consequently accurate reservoir simulation. Basically, the classic linear relative permeability (X-type)
curves are used in almost all of reservoir simulators. In this work, basic fluid flow equations are
combined to develop a new simple analytical model for water-oil two phase flow in a single fracture.
The model gives rise to simple analytic formulations for fracture relative permeabilities. The model
explicitly proves that water-oil relative permeabilities in fracture network are functions of fluids
saturation, viscosity ratio, fluids density, inclination of fracture plane from horizon, pressure gradient
along fracture and rock matrix wettability, however they were considered to be only functions of
saturations in the classic X-type and power (Corey [35] and Honarpour et al. [28, 29]) models.
Eventually, validity of the proposed formulations is checked against literature experimental data. The
proposed fracture relative permeability functions have several advantages over the existing ones. Firstly,
they are explicit functions of the parameters which are known for each of simulation computational cells
or easy to measure in laboratory. It is also the first model that takes gravity effects and wettability of
fracture walls into consideration and individually developed for water and oil-wet systems. Furthermore,
the newly developed formulations are simple, efficient and accurate. Thus, they are recommended for
implementation in dual and multiple continuum commercial reservoir simulators.

Résumé — Estimation analytique des perméabilités relatives de l’eau et de l’huile d’un réseau de
fractures— La modélisation de l’écoulement multiphasique à travers des fractures est un sujet-clé pour
mieux modéliser les écoulements au sein des réservoirs pétroliers/géothermiques, des aquifères
souterrains ou lors de la séquestration de dioxyde de carbone. Cette étape est essentielle pour évaluer
la production d’un réservoir, la capacité de stockage ou prédire les productions futures. Un des sujets
les plus difficiles dans la modélisation des réservoirs pétroliers fracturés est de quantifier l’interaction
de différents fluides lorsqu’ils s’écoulent dans le réseau de fractures (courbes de la perméabilité
relative). Malheureusement, il n’existe pas de technique expérimentale standard pour mesurer la
perméabilité relative à travers des fractures et les méthodes existantes sont trop coûteuses,
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chronophages et incertaines. Toutefois, plusieurs formulations ont déjà été proposées pour calculer les
courbes de perméabilité relative rendant compte de l’écoulement de fluides dans des fractures. Ces
formulations sont des fonctions linéaires ou puissances de saturation des fluides. Cependant, la forme
des courbes de perméabilité relative permettant de modéliser correctement l’écoulement à travers des
fractures et par conséquent de simuler précisément le réservoir reste sujet à débat. En fait, les
courbes classiques de perméabilité relative (type-X) sont utilisées dans presque tous les simulateurs
de réservoir. Dans cette étude, les équations de l’écoulement des fluides sont combinées afin de
développer un modèle simple et analytique pour le cas de l’écoulement diphasique eau/huile dans
une seule fracture. Ce modèle fournit une formulation simple et analytique des perméabilités
relatives de fractures. Ce modèle prouve explicitement que les perméabilités relatives eau/huile
dans un réseau fracturé sont fonctions de la saturation des fluides, du rapport de viscosité, des
densités des fluides, de l’inclination des fractures, du gradient de pression et de la mouillabilité de
matrice (roche saine). Il est intéressant de noter que dans les précédents modèles, de type-X ou
puissance (Corey [35] and Honarpour et al. [28, 29]), seule une dépendance aux saturations était
considérée. Finalement, la validité des formulations proposées est vérifiée par comparaisons à des
données expérimentales fournies dans la littérature. Les fonctions de perméabilité relative proposées
offrent plusieurs avantages par rapport des celles déjà existantes. Premièrement, elles sont des
fonctions explicites de paramètres qui sont soit connus pour chacune des cellules de simulation, ou
soit simples à mesurer en laboratoire. Ce modèle est aussi le premier à considérer les effets
gravitationnels et une mouillabilité variable de fracture et il a été mis au point pour des systèmes
eau/huile. De plus, ces nouvelles formulations développées sont simples, efficaces et précises. Leurs
utilisations sont donc recommandées dans les simulateurs de réservoirs commerciaux double ou
multiples continuum.

NOMENCLATURE

A Cross-sectional area to flow (m)

b Fracture aperture (m)
bo Mean value of fracture half-aperture (m)
c1, c2 Constant of integration
g Acceleration of gravity (9.81 m/s2)

h Height, thickness (m)
HD Ratio of gravity to capillary force (dimensionless)
k Absolute permeability (m2)
kr Relative permeability (fraction)

kr* End-point relative permeability (fraction)
n Exponent
P Pressure (Pa)
q Volumetric flow rate (cm3/s)

S Saturation (fraction)
u Velocity (m/s)
u Average velocity (m/s)
W Fracture width (m)

GREEK

D Difference
U Flow potential (Pa)

r Interfacial tension (N/m)

l Viscosity (cp)
s Shear stress (Pa)
q Density (kg/m3)
c Specific weight (Pa/m)

h Inclination degree of fracture plates from horizon,
contact angle

@ Partial differential operator

SUBSCRIPTS AND SUPERSCRIPTS

* Normalized
c Connate

eff Effective
g Gas
i Phase name
l Liquid

m Mean (average)
nw Non-wetting phase
o Oil
r Residual
w Water, wetting phase

x x-direction (m)
z z-direction (m)
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INTRODUCTION

Naturally fractured reservoirs contain more than 50% of the
known oil and gas reserve worldwide and supply a signifi-
cant portion of daily oil and gas demands [1]. North Sea
chalks, Texas carbonates and Asmari limestone in Iran and
Iraq are examples of naturally fractured reservoirs. Despite
their significant importance in supplying increasing oil
demands, this type of reservoirs exhibits relatively low
levels of oil recovery compared to conventional reservoirs.
This is mainly attributed to the complex nature of these
reservoirs due to presence of two distinct porosity systems
(matrix blocks and fractures) that aggravates reservoir hetero-
geneity and makes reservoir characterization, modeling and
simulation a complicated and erroneous task. Furthermore, the
oil-wetness tendency of rocks is another cause of very low
recovery efficiency in such reservoirs [2]. Multiphase flow
in fractured formations is of particular importance for
understanding the performance of groundwater hydrology,
geothermal reservoirs and disposal of hazardous wastes into
underground water. Hydrocarbon reservoirs produce fluids
under a combination of mechanisms including capillary,
gravity and viscous displacement as well as pore compac-
tion and fluids expansion. The displacement process in a
fractured reservoir takes place when gas or water moves
rapidly in high permeable fractures and surrounds oil satu-
rated matrix blocks partially or totally. On the other hand,
invasion of matrix blocks by gas or water and expulsion
of oil into the fracture network begins by the combination
of capillary and gravity forces once the matrix block is
besieged. This process is called imbibition when the dis-
placing fluid is water, and gravity drainage when the dis-
placing fluid is water. Depending on the flowing phases
present in the fractured reservoir, either the capillary or
the gravity force becomes dominant [3]. These forces can
work in tandem or can oppose each other [4].

A number of researches [5-12] were conducted to shed
additional light on production mechanisms of the fractured
reservoirs. Reservoir simulation is the most effective and
practical method for studying multiphase flow problems in
heterogeneous porous media. Numerical modeling of frac-
tured reservoirs can be conducted with several existing tech-
niques [13-18]:
1) dual porosity,
2) dual permeability,
3) Multiple INteracting Continua (MINC),
4) subdomain,
5) Discrete Fracture Network (DFN).

The first four are referred to as multiple continuum tech-
niques in which the reservoir is discretized into a series of
high storage capacity matrix blocks and high permeability
fracture systems. These approaches have very little differ-
ences with each other. In dual porosity models, fluid flow

only takes place through fracture systems and matrix blocks
act as source and sink. In dual porosity models, matrix
blocks are assumed to be connected to each other only
through a fracture network, whereas in dual permeability
concept the communication can occur between the adjacent
blocks, as well as within the fractures. Dual permeability
models allow the wells to be completed in both matrix
blocks and fractures, but all flow to the wells in dual porosity
models takes place through fractures. MINC models gener-
ate secondary nested gridding of the matrix blocks based
on the initial estimated solution. The subdomain allows user
to refine matrix blocks in vertical direction for increasing the
accuracy of calculations. The DFN approach generates the
model of reservoir spatial distribution of fracture network
and detailed knowledge of the fracture intrinsic properties.
Although DFN is a very rigorous technique for modeling
naturally fractured reservoirs, its application is limited due
to lack of the detailed input data required. Therefore, multi-
ple continuum techniques are the most frequently used meth-
ods for simulation of fractured porous media. In all of
multiple continuum approaches including dual porosity
models, the basic governing fluid flow equations are written
separately for matrix blocks and fracture systems and then
coupled together. Therefore, simulation of fractured reser-
voirs requires separate sets of relative permeability curves
for the two comprising media [19-22].

Rock matrix relative permeabilities are easily measured
using a standard experimental procedure on representative
plug samples during Special Core Analysis (SCAL). Two
techniques are commonly used in the industry for measure-
ments of relative permeabilities: steady-state and unsteady-
state methods. In the steady-state technique, two fluids are
simultaneously injected at a fixed ratio until saturation and
pressure equilibriums are established. Relative permeabili-
ties are directly calculated from the pressure drop and flow
rate data. Then, the fluids ratio is adjusted to obtain the rel-
ative permeabilities at other saturations. In the unsteady state
method, the core plug is saturated with one fluid and the
other fluid is injected into the sample either at constant rate
or constant pressure while measuring the rate, pressure drop
and the volume of the produced fluids. Relative permeabili-
ties are then determined by one of the proposed mathemati-
cal methods [23-27]. Detailed descriptions of the
experimental procedures of such measurements, mathemati-
cal calculation, their advantages and drawbacks and existing
empirical correlations can be found in a number of works
[28, 29]. Unfortunately, there is no standard technique for
experimental measurement of relative permeabilities
through fractures. Furthermore, the existing methods are
very expensive, time consuming and sometimes fail to mea-
sure fracture properties correctly. For these reasons, develop-
ment of analytical formulations for relative permeabilities
through fractures is of great importance. Although, several
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formulations are presented to calculate fracture relative per-
meabilities in the form of linear and power functions of sat-
uration, it is still unclear what form of relative permeability
curves must be used for proper modeling of multiphase flow
through fractures and consequently for accurate reservoir
simulation. Upon this review, the necessity of the analytical
development of relative permeability functions for fluid flow
through fracture network is revealed.

1 LITERATURE REVIEW

The ability of a medium to conduct a single phase fluid is
known as absolute permeability of that medium. A number
of researchers [30-34] have studied absolute permeability
of fractures with parallel planar plates and all have reached
to the following expression for absolute permeability in sin-
gle phase, isothermal, laminar and steady-state flow:

k ¼ b2

12
ð1Þ

where b is the fracture aperture. In petroleum reservoirs,
however, the rock pore spaces are usually occupied by two
(or more) phases. In these cases, pores occupied by one
phase are unavailable for flow by other phases and the con-
cept of relative permeability is used to describe the compe-
tency of phases for flow:

kri ¼ keff ;i
k

ð2Þ

In this relation, kri is the relative permeability to phase i, k is
the absolute permeability of the porous medium and keff ;i is
the effective permeability to phase i. When two or more flu-
ids flow at the same time, the relative permeability is the
measure of the conductance of the medium to each fluid
phase. Indeed, the effective permeability of each fluid is
the permeability of the porous medium to the fluid when
the saturation of that fluid is less than 100% and the relative
permeability of the fluid is the ratio of the effective perme-
ability at a specific saturation of the fluid to the absolute per-
meability of the medium. On the other hand, when a medium
is completely saturated with phase i, the effective and rela-
tive permeabilities of the phase are, respectively, equal to
the absolute permeability of the medium and unity
(keff ;i ¼ k and kri ¼ 1). For the phase i (considering immis-
cible flow), the generalized Darcy’s law can be used to
describe flow rates as:

qi ¼ �Akkri
li

� dUi

dx
ð3Þ

where qi is the volumetric flow rate of the phase, A is the
cross-sectional area to flow, k is the absolute permeability,

kri is the effective permeability, li is viscosity of phase i,
Ui is flow potential of phase i and x is direction of flow.

Since relative permeabilities are strongly saturation
dependent, they are crucial to the modeling of multiphase
flow in matrix blocks and fracture systems. Despite the
importance, there is no consensus on experimental measure-
ment and theoretical calculation of relative permeabilities
through fractures. A few data can be found in literature for
two phase flow in fractures. The earliest and simplest model
was originated in experimental work of Romm [35]. He per-
formed the experiment with water and kerosene through an
artificial glass parallel-plate fracture with waxed surfaces.
He found a linear relationship between relative permeability
and saturation (X-curves), kri ¼ Si with endpoints at 0 and 1.
Since, in two phase flow:

Sw þ Snw ¼ 1 ð4Þ

This will lead to unity value for the summation of the relative
permeabilities (Fig. 1):

kr;w þ kr;nw ¼ 1 ð5Þ

where w and nw refer to wetting and non-wetting phases,
respectively. This is equivalent to negligible phase interfer-
ence at all saturations and is the most widely used model
in commercial reservoir simulators for numerical modeling
of fractured reservoirs. A lot of researchers in petroleum
industry [36-39] took Romm’s linear relative permeability
curves in their works. After Romm [35], Grant [40] and
Pruess et al. [41] concluded that the application of X-curve
for relative permeabilities through fractures is valid in
systems with significant phase changes such as steam-water
system in geothermal reservoirs.
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Figure 1

Romm’s linear (X-type) relative permeability curves.
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Among limited experimentally measured data available in
the literature only a few works observed Romm’s X-type
model for relative permeabilities in fractures. Indeed, most
of the data indicate considerable departure from straight line
behavior. Romm’s experiment with water and oil was dupli-
cated by Merrill [42] in glass parallel-plates fracture and in
natural porous media split along the length by sawing with-
out using waxed paper strips as spacers. Since most of the
data in his experiments scattered over a narrow range of
water saturation (around a value of 71%), attempts failed
to correlate relative permeability with saturation. However,
the limited data indicated considerable deviation from the
X-curve. A number of other analytical [43] and numerical
[44] works for two phase flow in rough-walled and variable
aperture fractures showed existence of considerable interfer-
ence between phases and consequently kr;w þ kr;nw << 1.
Apart from oil-water system, other researchers [45-48] con-
ducted experiments with air and water and observed failure
of the X-curve to model fracture relative permeabilities.

A number of experimental studies found that two phase
flow in fractures is better described using straight line rela-
tive permeabilities with slope less than one. Pan et al. [49]
suggested that the slope of 0.6 for air and 0.7 for water rel-
ative permeability functions give rise to better match to
experimental data. While, Rangel-German et al. [50]
obtained the slope of 0.6 for both air and water relative per-
meabilities. Replacement of the unity slope of the X-curve
model by smaller slopes in these works is an indication of
occurrence of higher flow resistance in fractures because
of strong interference between the flowing phases.

Some researchers [51-54] concluded that experimentally
measured relative permeability curves are better matched
with porous media approach (Corey model [55]) as:

kr;l ¼ S�4 ð6Þ

kr;g ¼ 1� S�2
� �

1� S�ð Þ2 ð7Þ

where S� is normalized liquid saturation defined as:

S� ¼ Sl � Slr
1� Slr � Sgr

ð8Þ

and Sg and Sl are gas and liquid saturations, respectively.
Meanwhile, the subscript r refers to residual saturations of
the phases. In contrary to the above works, experimental
studies of Persoff et al. [45] and Persoff and Pruess [46] con-
cluded that fracture relative permeability cannot be well fit-
ted neither by straight-line nor by Corey model.

The other model known as pipe flow model treated flow
through fractures as flow through a system of pipes to con-
struct fracture relative permeability curves [47, 48]. In this

approach, a phase can be carried by the other phase as bub-
bles, mist, slug and other structures without need of estab-
lishing a continuous flow path. The models that were
developed on the basis of pipe flow approach can be catego-
rized in two classes:
– viscous coupling,
– equivalent homogeneous single-phase models.

The viscous coupling model was firstly introduced by
Fourar et al. [56] for the simple case of lubricated film flow
in a pipe equivalent to fracture as:

kr;l ¼ Sl
2

2
ð3� SlÞ ð9Þ

and

kr;g ¼ 1� Slð Þ3 þ 3

2
� lg
ll

� Sl 1� Slð Þ 2� Slð Þ ð10Þ

In 2010, Shad and Gates [57] extended the viscous coupling
model to more than one phase systems. In another pipe flow
model, which is known as equivalent homogeneous single-
phase model, Fourar et al. [47] considered the two phase
flow to be equivalent to single phase flow of a homogenous
phase through a system of pipes. The average density and
viscosity of the equivalent homogenous phase are calculated
by weighting properties of each phases by the corresponding
volumetric flow rates as:

qm ¼ q1q1 þ q2q2
q1 þ q2

ð11Þ

lm ¼ l1q1 þ l2q2
q1 þ q2

ð12Þ

where the subscript m refers to average value.
As it was here mentioned above, despite its essential

importance, only a few experimental, numerical and
analytical attempts have been made to clear the physics of
multiphase flow and characteristic of relative permeabilities
in fractures. Therefore, the extremely important question of
proper form of relative permeability curves through fractures
is still unanswered. This paper is an attempt to develop a
new simple analytical model for description of char-
acteristic behavior of water-oil relative permeabilities in
fractures.

2 MATHEMATICAL FORMULATION

In two phase flow of immiscible fluids, the wetting-phase
flows along the fracture wall and the non-wetting phase
occupies the fracture interior [58, 59]. The potential gradient
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along fracture determines the thickness of each phase
(Fig. 2). Water-oil two phase flow between the parallel frac-
ture plates are considered to be laminar, incompressible and
steady state. An infinitesimal thin lamina is taken as a control
volume (free body) to analyze the flow (Fig. 3). Linear
momentum of the element of a mass dm is a vector defined
as dmV . In this case, the mass dm is a part of velocity field:

V ¼ ui þ vj þ wk ð13Þ

The fundamental statement of the second law of Newton
in terms of linear momentum of the element is given as:

dFext ¼ D

Dt
ðdmV Þ ð14Þ

where D is the essential derivative defined as:

D

Dt
¼ @

@t
þ u

@

@x
þ v

@

@y
þ w

@

@z
ð15Þ

and Fext is the external forces acting over the control vol-
ume. These forces can be classified as the body and surface
forces. In absence of a magnetic/electric field, gravity is the
only body force which can be expressed as �qgdv$h.
The surface forces on the particle are due to pressure and
shear stress respectively in the form of �dv$P and
�dv$s. The shearing stress sð Þ is the force that acts on the
unit area of interface between the particles tangent to the
direction of flow. As we know, substituting these forces in
Equation (14) and dividing through by dv leads to the very
famous Navier-Stokes equation:

q

�
@V
@t

þ ðV � $ÞV
�

¼ �qg$h� $P � $s ð16Þ

where h is the vertical direction. Since for the laminar,
incompressible and steady state condition shown in Figure 3,

for flow in the x direction, we have v ¼ w ¼ 0. Thus, the
only nonzero stress from sij is sxz. With these in mind, the
vector Equation (16) reduces to the following scalar
equation of motion in the x, y and z directions:

@sxz
@z

¼ @P

@x
þ qg

@h

@x
ð17Þ

@P

@y
¼ �qg cos hð Þ ð18Þ

@P

@z
¼ 0 ð19Þ

where h is the inclination degree of the fracture from the hor-
izontal line. The equations obtained in the y and z directions
are trivial. Thus, Equation (17) is the only equation that
should be employed for the further analysis as:

@sxz
@z

¼ @ðP þ qghÞ
@x

ð20Þ

Since the only nonzero component of the stress field is sxz,
the subscript xz will be omitted hereafter for simplicity.

Fracture
walls

Wetting phase

Wetting phase

Non-wetting phase

Interfaces

θ

Figure 2

Illustration of wetting and non-wetting phase flow along the
wall and interior of a fracture.
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Figure 3

Momentum balance for two phase immiscible flow in an
inclined fracture.
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As we know, P þ qgh is called flow potential. Therefore,
Equation (20) can be rewritten as:

@s
@z

¼ @U
@x

ð21Þ

Since s and U are only functions of z and x, respectively:

ds
dz

¼ dU
dx

ð22Þ

Integration of this equation with respect to z gives:

s ¼ dU
dx

� zþ c1 ð23Þ

This equation is valid for the three streams in Figure 2:

sw1 ¼
dUw1

dx
� zþ cw1

1 ð24Þ

snw ¼ dUnw

dx
� zþ cnw1 ð25Þ

sw2 ¼
dUw2

dx
� zþ cw2

1 ð26Þ

In which cw1
1 , cnw1 and cw2

1 are constants of integration.
In order to make the formulations simpler, thickness of the
two regions of wetting phase at the top and bottom walls
of the fracture is assumed to be equal (hw1 ¼ hw2 ¼ hw).
Because of symmetry of the system in Figure 3:

dUw1

dx
¼ dUw2

dx
¼ dUw

dx
ð27Þ

And flow potential gradient of the wetting and non-wetting
phases are related as:

dUnw

dx
¼ dUw

dx
þ qw � qnwð Þg sin hð Þ ð28Þ

To evaluate Equations (24) through (26), the continuity of
fluid mechanics properties at interface between three flow
regions in Figures 2 and 3 necessitates:

z ¼ 0; sw1 ¼ snw ð29Þ

z ¼ hnw; snw ¼ sw2 ð30Þ

Substituting these boundary conditions in Equations (24)
through (26) yields:

cw1
1 ¼ cnw1 ¼ cw2

1 ¼ c1 ð31Þ

Equations (24) through (26) can be combined with
Newton’s law of viscosity to get the following equations,
respectively:

lw
duw1

dz
¼ dUw

dx
� zþ c1 ð32Þ

lnw
dunw
dz

¼ dUnw

dx
� zþ c1 ð33Þ

lw
duw2

dz
¼ dUw

dx
� zþ c1 ð34Þ

Integration of these equations with respect to z
leads to velocity profiles in the three flow regions as follows:

uw1 ¼
1

lw

dUw

dx
� z

2

2
þ c1 � z

� �
þ cw1

2 ð35Þ

unw ¼ 1

lnw

dUnw

dx
� z

2

2
þ c1 � z

� �
þ cnw2 ð36Þ

uw2 ¼
1

lw

dUw

dx
� z

2

2
þ c1 � z

� �
þ cw2

2 ð37Þ

Determination of the integration constants (c1, c
w1
2 , c

nw
2 and

cw2
2 ) needs the following boundary conditions (Streeter
et al. [60]):

z ¼ �hw; uw1 ¼ 0 ð38Þ

z ¼ 0; uw1 ¼ unw ð39Þ

z ¼ hnw; unw ¼ uw2 ð40Þ

z ¼ hnw þ hw; uw2 ¼ 0 ð41Þ

Substitution of the boundary conditions in Equations (35)
through (37) yields:

cw1
2 ¼ � 1

lw

dUw

dx
� h

2
w

2
� c1 � hw

� �
ð42Þ

cw1
2 ¼ cnw2 ð43Þ
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cw2
2 ¼ cnw2 þ 1

lnw

dUnw

dx
� h

2
nw

2
þ c1 � hnw

� �

� 1

lw

dUw

dx
� h

2
nw

2
þ c1 � hnw

� � ð44Þ

cw2
2 ¼ � 1

lw

dUw

dx
� hnw þ hwð Þ2

2
þ c1 � hnw þ hwð Þ

" #

ð45Þ

Solving the system of four equations (Eqs. 42 through 45)
and four unknowns (c1, c

w1
2 , cnw2 and cw2

2 ) results in the
following solutions:

c1 ¼ �
hwhnw
lw

� dUw

dx
þ h2nw
2lnw

� dUnw

dx
2hw
lw

þ hnw
lnw

ð46Þ

cw1
2 ¼ cnw2 ¼ � 1

lw

� h2w
2

� dUw

dx
þ
h2whnw
lw

� dUw

dx
þ h2nwhw

2lnw
� dUnw

dx
2hw
lw

þ hnw
lnw

2
664

3
775 ð47Þ

cw2
2 ¼ � 1

lw
� hw þ hnwð Þ2

2
� dUw

dx

"

� hw þ hnwð Þ
hwhnw
lw

� dUw

dx
þ h2nw
2lnw

� dUnw

dx
2hw
lw

þ hnw
lnw

#

ð48Þ

Substituting the integration constants in Equations (35) to
(37) yields the velocity profiles in the three flow regions.
Knowing the velocity profiles, it is simple to calculate aver-
age velocity for each of the flowing streams:

uw1 ¼
R 0
�hw

uwdzR 0
�hw

dz
¼ 1

lw

dUw

dx
� h

2
w

6
� c1 � hw

2

� �
þ cw1

2

ð49Þ

unw ¼
R hnw
0 uwdzR hnw
0 dz

¼ 1

lnw

dUnw

dx
� h

2
nw

6
þ c1 � hnw

2

� �
þ cnw2

ð50Þ

uw2 ¼
R hnwþhw
hnw

uw2dzR hnwþhw
hnw

dz

¼ 1

lwhw

"
dUw

dx
� hnw þ hwð Þ3

6
� h3nw

6

 !

þ c1 � hnw þ hwð Þ2
2

� h2nw
2

 !#
þ cw2

2 hw ð51Þ

Substitution of the integration constants in above equations
we obtain:

uw1 ¼
R 0
�hw

uwdzR 0
�hw

dz
¼ � 1

lw
� dUw

dx
� h2w

3
þ hwhnw

4

� �

� hwh
2
nw qw � qnwð Þg sin hð Þ

4lwlnw
2hw
lw

þ hnw
lnw

� � ð52Þ

unw ¼
R hnw
0 uwdzR hnw
0 dz

¼ � 1

2
� dUnw

dx
� h2nw

6lnw
þ h2w þ hwhnw

lw

� �

þ hw
2lw

hw þ hnwð Þ qw � qnwð Þg sin hð Þ ð53Þ

uw2 ¼
R hnwþhw
hnw

uw2dzR hnwþhw
hnw

dz
¼ � 1

lw
� dUw

dx
� h2w

3
þ hwhnw

4

� �

� hwh
2
nw qw � qnwð Þg sin hð Þ

4lwlnw
2hw
lw

þ hnw
lnw

� � ð54Þ

Comparison of Equations (52) and (54) indicates that average
velocity of the wetting phase regions are equal to each other.
The volumetric flow rate of each of the three regions is the
product of average velocity and area of the stream:

qw1
¼ qw2

¼ Whw � 1

lw
� dUw

dx
� h2w

3
þ hwhnw

4

� �2
4

� hwh
2
nw qw � qnwð Þg sin hð Þ

4lwlnw
2hw
lw

þ hnw
lnw

� �
3
5 ð55Þ

qnw ¼ Whnw � 1

2
� dUnw

dx
� h2nw

6lnw
þ h2w þ hwhnw

lw

� ��

þ hw
2lw

hw þ hnwð Þ qw � qnwð Þg sin hð Þ
�

ð56Þ
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Therefore, total flow rate of the wetting phase would be:

qw ¼ 2Whw � 1

lw
� dUw

dx
� h2w

3
þ hwhnw

4

� �2
4

� hwh
2
nw qw � qnwð Þg sin hð Þ
4lwlnw

2hw
lw

þ hnw
lnw

� 	
3
5 ð57Þ

For flow through the fracture, the volumetric flow rate also
can be obtained from Darcy’s law:

qw ¼ � kkrwW 2hw þ hnwð Þ
lw

� dUw

dx
ð58Þ

qnw ¼ � kkrnwW 2hw þ hnwð Þ
lnw

� dUnw

dx
ð59Þ

where k is absolute permeability of the fracture that is calcu-
lated using Equation (1) as:

k ¼ 2hw þ hnwð Þ2
12

ð60Þ

Substituting Equations (58) and (59) in Equations (57) and
(56) yields the following expressions for wetting and non-
wetting phase relative permeabilities, respectively:

krw ¼ 24hw

2hw þ hnwð Þ3

� h2w
3
þ hwhnw

4

� �
þ hwh

2
nw qw � qnwð Þg sin hð Þ
4lnw

2hw
lw

þ hnw
lnw

� 	
dUw
dx

2
4

3
5 ð61Þ

krnw ¼ 12lnwhnw
2hw þ hnwð Þ3

"
1

2

h2nw
6lnw

þ h2w þ hwhnw
lw

� �

� hw
2lw

hw þ hnwð Þ qw � qnwð Þg sin hð Þ
dUnw
dx

#
ð62Þ

In order to define relative permeabilities in terms of saturations,
wetting and non-wetting phase saturations are defined as:

Sw ¼ 2hw
2hw þ hnw

ð63Þ

Snw ¼ hnw
2hw þ hnw

ð64Þ

Eventually, simple rearrangement of Equations (61) and (62)
followed by substitution of Equations (63) and (64) gives
rise to the following analytical expressions to estimate rela-
tive permeabilities in an inclined fracture:

krw ¼ 12Sw
S2w
12

þ SwSnw
8

� �2
4

þ S2nw qw � qnwð Þg sin hð Þ
8 1

lr
þ Snw

Sw

� 	�
dP
dx � qwg sin hð Þ

	
3
5 ð65Þ

krnw ¼ 12Snw

"
1

2

S2nw
6

þ S2w þ 2SwSnw
4lr

� �

� Sw
4lr

Sw
2

þ Snw

� �
qw � qnwð Þg sin hð Þ
dP
dx � qnw g sin hð Þ

#
ð66Þ

where dP=dx is the pressure gradient along the fracture and
lr is viscosity ratio which is the wetting to non-wetting
phase viscosity ratio (lw=lnw). The newly developed rela-
tive permeability formulas in Equations (65) and (66) are
explicit functions of phase saturations, viscosity ratio, fluids
density, inclination of fracture from horizon, pressure gradi-
ent along fracture and rock matrix wettability. On the other
hand, the newly developed relative permeability curves in
Equations (65) and (66) are explicit functions of the param-
eters which are known for each of simulation computational
cells or easy to measure in laboratory. Moreover, it is also the
first relative permeability model that takes the gravity and
wettability effects into account.

3 EFFECTS OF WETTABILITY AND VISCOSITY RATIO

3.1 Fracture Surface Wettability

In the previous section, general formulations of relative perme-
ability curves were proposed for two-phase flow through frac-
tures. In this section, it is intended to apply them to water-oil
systemswith strongwater- and oil-wetness of the fracturewalls
and investigate the effects of wettability on the relative perme-
abilities. In the case of strongly water wet reservoir rock,
Equations (65) and (66) take the following forms:

krw ¼ 12Sw
S2w
12

þ Sw 1� Swð Þ
8

� �2
4

þ 1� Swð Þ2 qw � qoð Þg sin hð Þ
8 1

lr
þ 1�Sw

Sw

� 	�
dP
dx � qw g sin hð Þ

	
3
5 ð67Þ
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kro ¼ 12 1� Swð Þ
"
1

2

1� Swð Þ2
6

þ S2w þ 2Sw 1� Swð Þ
4lr

 !

� Sw
4lr

1� Sw
2

� �
qw � qoð Þg sin hð Þ
dP
dx � qo g sin hð Þ

#
ð68Þ

and for strong oil-wetness of the fracture walls:

krw ¼ 12Sw
1

2

S2w
6

þ 1� Swð Þ2 þ 2Sw 1� Swð Þ
4lr

 !2
4

� 1� Swð Þ
4lr

1þ Sw
2

� �
qo � qwð Þg sin hð Þ
dP
dx � qw g sin hð Þ

3
5 ð69Þ

kro ¼ 12 1� Swð Þ 1� Swð Þ2
12

þ Sw 1� Swð Þ
8

 !2
4

þ S2w qo � qwð Þg sin hð Þ
8 1

lr
þ Sw

1�Sw

� 	�
dP
dx � qo g sin hð Þ

	
3
5 ð70Þ

where the subscripts w and o stand for water and oil phases,
respectively. Figure 4 shows a comparison between the relative
permeabilities for strongly water and oil-wet fractures using
Equations (67) to (70) for the rock and fluids properties of
Table1. Thisfigure clearly indicates strongdependenceof frac-
ture relative permeability curves to the wettability of the walls.
Theother important point that can be inferred from thisfigure is
that the value of oil relative permeability in the water-wet

system exceeds unity over a limited range of saturation for
the data of Table 1 (lr ¼ 1). The reason for observing such
behavior is described in the following section.

Equations (67) through (70) can be used for analytical
estimation of oil and water relative permeability curves
through an inclined fracture as long as the flowing phases
configuration is as depicted in Figures 2 and 3. In two-phase
flow of water and heavy oils, the aqueous phase is under-
ridden by the more viscous oleic phase regardless of wetta-
bility of the fracture walls (Fig. 5). Following the same pro-
cedure as here presented above leads to the following
expressions for this kind of stratified flow pattern:

krw ¼ S2w
Sw 1� lrð Þ þ lr

�
"
S2w þ 4lrSw 1� Swð Þ þ 3lr 1� Swð Þ2

� 1þ qo � qwð Þg sin hð Þ
dP
dx � qw g sin hð Þ

 !#
ð71Þ
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k r
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k rw

Sw (fraction)

Strongly water wet
Srongly oil wet

Figure 4

Comparison between relative permeabilities for strongly water
and oil wet fractures for the rock and fluids properties of
Table 1 (lr ¼ 1).

TABLE 1

Summary of the rock and fluids properties used to plot Figure 4

Parameters Value

Inclination (deg) 45

dP/dx (kPa/m) �2.26

Oil density (kg⁄m3) 862

Water density (kg⁄m3) 1 115

Oil viscosity (cp) 1.5

Water viscosity (cp) 1.5

Fracture
walls

Interface
Aqueous phaseOleic phase

θ

Figure 5

Illustration of wetting and non-wetting phase flow in stratified
flow of oil along the bottom and water along the top walls of a
fracture.
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kro ¼ 1� Swð Þ2
1� Swð Þ lr � 1ð Þ þ 1

�
"
lr 1� Swð Þ2 þ 4Sw 1� Swð Þ

þ 3S2w 1� qo � qwð Þg sin hð Þ
dP
dx � qog sin hð Þ

 !#
ð72Þ

where lr ¼ lw=lo in Equations (71) and (72). It should be
overemphasized here that the wetting tendency of the fracture
walls plays no rule in two phase flow ofwater and heavy oil. In
otherwords, themore viscous oil phase flows along the bottom
wall, while water wets the top wall (Fig. 5). Therefore, these
expressions are recommended for estimation of water and
heavyoil relativepermeabilitieswhen the viscosity ratio is very
small (e.g. lr < 0:1). Otherwise, Equations (67) to (70)
should be used in water and typical oil two phase flow
depending on different rock matrix wetting preferences.

3.2 Viscosity Ratio

Series of sensitivities were performed to investigate
dependence of the relative permeability curves on the vis-
cosity ratio in strongly water- and oil-wet systems (Figs. 6, 7).
The data of Table 1 with different viscosity ratios are used
in the analysis. According to these figures and functional
form of Equations (67) to (70), the viscosity ratio of the
flowing phases has substantial effect on the relative perme-
ability curve of non-wetting phase and can lead to values
much larger than unity, while it almost plays negligible
rule in calculation of wetting phase relative permeability.
In other words, values of the viscosity ratio less than

unity give rise to water and oil relative permeabilities
greater than unity in oil and water-wet systems, respectively
(Figs. 6, 7).

Furthermore, the less the viscosity ratio, the more the non-
wetting phase relative permeability exceeds unity. This unu-
sual behavior respect to what is practically accepted, was
previously observed by Pan [61] in experimental measure-
ment of water-oil relative permeabilities in water-wet
Hele-Shaw flow cell. They reported significant increase of
oil (the non-wetting phase) relative permeability with its vis-
cosity, but relative permeability curve of water (the wetting
phase) wasn’t affected by viscosity ratio very much. Addi-
tionally, they found that the relative permeability of oil
(the non-wetting phase) could be as high as four at low water
saturation in the water wet cell, while water (the wetting
phase) relative permeability didn’t exceed unity. This finding
is in line with what is observed in this work. Pan [61]
justified this behavior by lubrication effects because of flow
of the water film(s) between the oil and the fracture wall(s)
and its impacts on the flowing streams velocities. Indeed,
when the less viscous phase is flowing along the fracture
wall, the oil flow rate might be greater than that would result
for single phase flow under the same condition.

Physically speaking, the meaning of the viscous coupling
is that the velocity of each of the flowing streams is affected
by the pressure gradient and viscosity of the adjacent
streams, as well as its own pressure gradient and viscosity
which would give rise to momentum transfer across the
interfaces. This justification was adopted from the analyses
of Dullien [62] about possibility of occurrence of lubrication
phenomenon during multiphase flow in real porous media. It
should be noted here that because of dominance of viscous
forces for flow in fractures compared to matrix, much more
significant effects of viscous coupling are expected for rela-
tive permeabilities through fractures.
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Figure 6

Effect of viscosity ratio on relative permeability curves for
water-wet fracture walls.
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Effect of viscosity ratio on relative permeability curves for
oil-wet fracture walls.
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In summary, the proposed analytical formulations demon-
strate that relative permeabilities through fractures are func-
tions of several rock and fluids properties including phase
saturations, viscosity ratio, fluids density, inclination of frac-
ture plate from the horizontal position, pressure gradient along
fracture and rock matrix wettability. On the other hand, the
newly developed relative permeability expressions are explicit
functions of the parameters that are known for each of simula-
tion computational cells or easy to measure in laboratory. It is
also the first relative permeability model that takes the gravity
terms into consideration. The other advantage of these formu-
lations for applying in reservoir simulators is that it wouldn’t
require import of fracture relative permeabilities in tabular
form. Therefore, these formulations are simple, efficient and
accurate for implementation in dual-, multiple continuum
and DFN commercial reservoir simulators.

4 VALIDATION WITH EXPERIMENT

Our extensive survey in the literature indicates that limited
number of experimental works have been done to examine
two phase flow in a single fracture. But, the majority of them
used gas (nitrogen) and water in their experiments. On the
other hand, among experimentally measured data of relative
permeability curves in fractures only a few works have been
done with oil and water as the flowing phases to be used for
confirming the validity of the proposed formulations. Unfor-
tunately, fracture orientation was horizontal in almost all of
these experiments. Therefore, none of the existing relative
permeabilities in the literature can be used to evaluate the
validity of the gravity effects in the newly proposed model.
Anyway, the validity of the proposed models is checked
against the experimental data of Pan [61]. He measured oil
and water relative permeabilities in a horizontally oriented
cell of impermeable parallel fracture plates (the so-called
Hele-Shaw cell). He developed three parallel-plates models
which differ from each other in the injection method and
experimental design. It was analyzed that the design of their
third model can better mimic the basic physics of fluid flow
in fractured reservoirs. It is because the fluids entered the
fracture through a porous medium (sintered metal) instead
of individual tubes in their first two models. This model
was constructed with Plexiglas plates 38 mm thick. The
adjustable aperture of the fracture could be changed from
zero to 0.5 mm. Three pairs of differential pressure transduc-
ers were installed on the bottom plate to measure the pres-
sure gradient along the fracture. The plates were placed
horizontally with a width and length of 100 and 550 mm.
The cells developed above analytical formulations are used
to calculate the measured fracture relative permeabilities
for water of viscosity 1.012 cp and different oils (viscosities
of 10.2, 66 and 106 cp) which correspond to viscosity ratios

of 0.1, 0.015, 0.0096, respectively. The fracture average
apertures in these tests were 106, 112 and 125 lm. Mean-
while, the range of the pressure gradients along the fractures
were 16-130, 5-932 and 25-462 kPa=m for the viscosity ratio
of 0.1, 0.015, 0.0096, respectively.

Figures 8, 9 and 10 show comparison between the calcu-
lated and measured relative permeabilities. Clearly, good
agreement is found between them. Therefore, using the
newly developed functions is sufficient to match the exper-
imental data. In order to further validate the developed ana-
lytical models, the useful intermediate data of the above
experiments are used to numerically extract the relative per-
meabilities. A nonlinear history-matching is performed for
numerical derivation of the relative permeabilities.
A commercial reservoir simulator is coupled with a
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Figure 8

Comparison of calculation of the analytical model with exper-
imental measurement of Pan (1999) [61] for lr ¼ 0:1.
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Comparison of calculation of the analytical model with experi-
mental measurement of Pan (1999) [61] for lr ¼ 0:015.
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MATLAB-based optimization code to minimize the follow-
ing objective function:

XN
i¼1

dP

dx

� �experiment

i

� dP

dx

� �simulationmodel

i

 !2

ð73Þ

where dP
dx

� �
i
are pressure gradients for injection of the fluids

with different flow rate ratios and N is the number of exper-
iments with different injection rates for a fixed set of fracture
and fluid properties. In order to prevent numerical disper-
sion, the fractures are subdivided into many grid cells and
single porosity fine grid simulations are performed
(Fig. 11). Grid cells porosity was set equal to unity and abso-
lute permeabilities are calculated from Equation (1). The lin-
ear relative permeabilities are used as the initial guess and
capillary forces are neglected for flow in the fractures.
The model is initiated with water filled fracture grid cells.
Figure 12 compares the experimental measurements of

pressure gradient with numerically estimated values for the
three experiments described above. The slight deviation of
the numerical calculation of pressure gradient from the
experimental measurement, particularly at the high flow
rates can be attributed to the possible deflection of the frac-
ture walls at high pressure gradients. The satisfactory
matches between the analytical, numerical and experimen-
tally-derived relative permeabilities in Figures 8, 9 and 10
guarantee validity of the newly developed formulations for
accurate calculation of relative permeabilities of water and
oil through fractures.

Unfortunately, due to lack of the experimental measure-
ment of relative permeabilities in non-horizontal fractures
it wasn’t possible to evaluate the validity of the gravity
effects in the newly proposed model. Therefore, it is highly
recommended that the future experimental researches are
conducted in inclined fractures. This will surely provide
valuable experimental data to validate the analytical predic-
tion of the gravity effects contribution in multiphase flow
through fractures.

5 EVALUATION OF THE ASSUMPTIONS

Two main assumptions that were made in the development
of the mathematical model of this article include laminar
and stratified flow in fractures. These assumptions are exam-
ined here.

Laminar flow in fractures. It is evident that laminar flow
assumption is reasonable for the ranges of the velocity usu-
ally occur in the bulk of reservoirs (1 ft=day ~ 31 cm=day).

Segregated stratified flow pattern: this assumption is
equivalent to large viscous and gravity forces compared to
capillary force in fractures. Capillary pressure for flow
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Figure 10

Comparison of calculation of the analytical model with exper-
imental measurement of Pan (1999) [61] for lr ¼ 0:0096.
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Figure 11

Gridding of the fracture for numerical validation of the analyt-
ical relative permeabilities.
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Figure 12

Experimental pressure gradient data compared with results of
the numerical simulator.
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between two flat parallel plates can be calculated by the
following equation:

Pc ¼ 2r cosðhÞ
b

ð74Þ

where r is interfacial tension between fluids, h is contact
angle and b is fracture aperture. This equation was used by
Wang and Narasimhan [63] to study fluid flow in partially
saturated fractured porous media. The usefulness of
Equation (74) can be utilized to show the dependence of
fracture capillary pressure on its aperture. According to this
equation, capillary forces are weaker in wider fractures and
stronger in narrower ones. For typical water-oil systems, we
assume that r ¼ 0:04N=m and h ¼ 0. For these values, frac-
tures capillary pressure as a function of aperture is given in
Table 2 and shown in Figure 13. In order to judge about the
assumption of dominance of viscous and gravity forces to
capillary force in a single fracture using Figure 13, it is
essential to answer one important question: how wide are
natural fractures? Several researchers [64-71] reported
observation of fracture apertures ranging from about 30 to
over 6 000 lm. These researchers stated that the apertures
in the range of 50 to 200 lm seem to be very common,
while 6 000 lm fracture apertures were rarely observed.
However, Weber and Bakker [72] stated that the size
of fracture aperture can be enlarged by leaching as much

as 5 000 lm. Therefore, the typical range of observed fracture
apertures in field experiences around the world is 50-200 lm.
This range is equivalent to capillary pressure range of
1.6-0.4 kPa. Thus, capillary forces are much weaker in
fractures than in matrix blocks. Recently, Noroozi et al. [73]
performed full field simulation on an Iranian reservoir to show
effect of fractures capillary pressure on historymatching. Their
simulation study concluded that fractures capillary pressure
can be considered zero in water-oil system.

It is worth noting that fracture walls were assumed to be
strongly water wet by considering contact angle equal to
zero in the above computations. In carbonate reservoirs with
oil wetness tendency, fractures capillary pressure is several
times less than the values of Table 2 and Figure 13. Since
fractures are usually observed in dense and brittle reservoirs
with high capillary pressures of tens of pounds per square
inch, it can be neglected in fractures compared to matrix
blocks. Furthermore, if the assumption was unrealistic, the
good agreements between the calculated relative permeabil-
ities using the new formulations and measured data wouldn’t
be observed.

CONCLUSIONS

The following conclusions can be drawn from this work:
– although, several formulations are available to calculate

fracture relative permeability curves in the form of linear
and power functions of saturations, the classic Romm’s
X-type curves are still used in almost all of the reservoir
simulators;

– the basic fluid flow equations were combined the above
formulations to propose new simple analytical formula-
tions for two phase relative permeabilities through
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Figure 13

Fracture capillary pressure as a function of aperture for water-
oil system.

TABLE 2

Fracture capillary pressure as a function of aperture for water-oil system

Fracture aperture (lm) Capillary pressure (kPa)

1 80

10 8

50 1.6

100 0.8

200 0.4

300 0.27

400 0.2

500 0.16

600 0.13

700 0.11

800 0.099

900 0.089

1 000 0.08

6 000 0.013
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fractures. The newly developed relative permeability
expressions are explicit functions of phase saturations,
viscosity ratio, fluids density, inclination of fracture from
the horizon, pressure gradient along fracture and rock
matrix wettability. It is also the first relative permeability
model that takes the gravity effects and fracture wall
wettability into consideration;

– good agreements of calculations of the model with litera-
ture experimental data verify the validity of the analytical
formulations;

– it was explicitly shown that viscosity the ratio has sub-
stantial effect on the relative permeability curve of non-
wetting phase and can lead to values greater than unity,
while it almost plays no rule in calculation of wetting
phase relative permeability. This unusual behavior respect
to what is practically accepted was observed in experi-
mental measurement of water-oil relative permeabilities.
We justified such observation by the lubrication and vis-
cous coupling effects for multiphase flow in fractures;

– the main advantage of these formulations for applying in
commercial reservoir simulators is that it would not
require the import of fracture relative permeabilities in
tabular form. Therefore, these formulations are simple,
efficient and accurate for implementation in dual-, multi-
ple continuum and DFN reservoir simulators.
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