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FREQUENCY DEPENDENCE

OF PHYSICAL PARAMETERS

OF MICROINHOMOGENEOUS
MEDIA. SPACE STATISTICS

E. M. CHESNOKOV. Y. A. KUKHARENKO DEPENDANCE EN FREQUENCE DES PARAMETRES
o PHYSIQUES DE MILIEUX MICROHETEROGENES.

and P. Y. KUKHARENKO STATISTIQUES SPATIALES

United Institute o_f PhySiCS . 1 La technique par diagrammes appliquée au calcul des propriétés

of the Earth Russian Academy of Sciences dynamiques d’un milieu anisotrope ayant une distribution aléatoire

d’inclusions (pores, fissures) est ici developpée. La description sta-
tistique des inclusions est déterminée par une fonction de distribu-
tion reposant sur cing groupes de parametres :

— les coordonnées,

— les angles d’orientation des formes,

— les angles d’orientation des axes cristallographiques,

— les rapports de forme (dans le cas d’inclusions de forme ellipsoi-
dale),

— les types de phase d'inclusions.

Une telle approche statistique permet de prendre en compte tout
type et tout ordre d’interaction de corrélation entre les inclusions. La
séerie de diagrammes est construite pour une fonction de Green
moyenne (GF). La sommation précise de cette série donne une
équation dynamique non linéaire pour une GF moyenne (équation
de Dyson). Le noyau de cette équation est un opérateur de masse
qui dépend de la frequence et peut étre représenté sous forme de
série de diagrammes sur une fonction précise GF. L’opérateur de
masse coincide avec le tenseur complexe réel d’élasticité (ou de
conductivite) dans une approximation locale. On obtient un déve-
loppement du tenseur élastique (de transport) dynamique effectif par
rapport aux fonctions de distribution a tout ordre. Il est montré que la
corrélation entre les homogeénéités peut produire une anisotropie des
parametres effectifs élastiques et de transport. Dans I'approche de la
corrélation, I'influence de la dispersion sur les constantes élastiques
effectives est étudiee. La dépendance en frequence d’'un coefficient
d’anisotropie élastique en fonction de la statistique de distribution
spatiale des inclusions (matrice isotrope et inclusions isotropes
sphériques) est ainsi obtenue.

FREQUENCY DEPENDENCE OF PHYSICAL
PARAMETERS OF MICROINHOMOGENEOUS MEDIA.
SPACE STATISTICS

The diagram technique for calculation of the dynamic properties of
an anisotropic media with randomly distributed inclusions (pores,
cracks) is developed. Statistical description of inclusions is
determined by distribution function dependent on five groups of
parameters:
— over coordinates;

(1) Bolshaya Gruzinskaya 10, Moscow 123810, Russia — over angles of orientation of shapes;
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— over angles of orientation of crystallographic axes;
— over aspect ratio (in a case of ellipsoidal inclusions);
— over types of phase of inclusions.

Such statistical approach allows to take into consideration any type
and order of correlation interactions between inclusions. The
diagram series for an average Green function is (GF) constructed.
The accurate summation of this series leads to a nonlinear
dynamic equation for an average GF (Dyson equation). The kernel
of this equation is a mass operator which depends on frequency
and can be presented in a form of diagram series on accurate GF.
The mass operator coincides with effective complex tensor of
elasticity (or conductivity) in a local approximation. An expansion of
effective dynamic elastic (transport) tensor on distribution functions
of any order is obtained. It is shown that correlation between
homogeneities can produce an effective elastic and transport
parameters anisotropy. In correlation approximation the dispersion
dependencies of the effective elastic constants are studied.
Frequency dependencies of a coefficient anisotropy of the elastic
properties as function of statistical distributed inclusions over
coordinates (isotropic matrix and isotropic (spherical) inclusions)
are obtained.

DEPENDENCIA DE LOS PARAMETROS FISICOS
DE MEDIOS MICRO NO-HOMOGENEOS CON
RESPECTO A LA FRECUENCIA. ESTADISTICA
ESPACIAL

Se desarrolla la técnica de diagramas para el calculo de las
propiedades dinamicas de un medio anisotropico con inclusiones
aleatoriamente distribuidas (poros, grietas). La descripcion
estadistica de las inclusiones se determina por funcion de
distribucion sobre cinco grupos de parametros:

— sobre las coordenadas;

— sobre los angulos de orientacion de las formas ;

sobre los angulos de orientacion de los ejes cristalograficos ;
sobre la relacion de aspecto (en caso de inclusiones elipsoidales) ;
sobre los tipos de fase de las inclusiones.

Dicho enfoque estadistico permite tomar en consideracion
cualquier tipo y orden de interacciones de correlacion entre
inclusiones. Se construyen las series de diagramas para una
funcion Green promedio (GF). La suma exacta de estas series
lleva a una ecuacion dinamica no lineal para una GF promedio
(ecuacion de Cyson). El nucleo de esta ecuacion es un operador
masivo que depende de la frecuencia y que puede ser presentado
en forma de series de diagramas de GF exactas. El operador
masivo coincide con un tensor complejo efectivo de elasticidad (o
conductividad) en una aproximacion local. Se obtiene una
expansion del tensor elastico (de transporte) dinamico efectivo
sobre las funciones de distribucion de cualquier orden. Se
demuestra que la correlacion entre homogeneidades puede
producir una anisotropia efectiva de los parametros elasticos y de
transporte. Se estudian en una aproximacion de correlacion la
dependencia de la dispersion con respecto a las constantes
elasticas efectivas. Se obtiene la dependencia de la frecuencia con
respecto a un coeficiente de anisotropia de las propiedades
elasticas como funcion de inclusiones estadisticamente
distribuidas sobre coordenadas (matriz isotropica e inclusiones
isotropicas (esféricas)).

INTRODUCTION

Determination of elastic constants of inhomogeneous
anisotropic multicomponent mediais based on effective
procedure of averaging. In case, when size of inclusions
(&) is much less then wavelength (L) or corresponding
radius of correlation (r), statistical averaging over
ensemble is equivalent to averaging over volume. Such
averaging is not related to small fluctuations as usualy
use in the first Born approximation. In spite of this
smplification the problem of averaging of wave equation
isnot trivial due to the large (although short-wavel ength)
fluctuations of elastic constants of the medium.

In formal agebraic sense the problem of averaging
was solved by Willis (1977), Shermergor (1977), who
wrote the equation for average Green function (Dyson
eguation). However, the kernel of this equation (in
algebraic approach) is expressed via “freedom” (i.e.
homogeneous matrix without inclusions) Green
function and isvalid for small fluctuations only.

In present paper this approach is generalized on to
the case of large fluctuations. This goa can be reached
by expressing the kernel of Dyson equation (mass
operator) via Green function, which takes into account
interaction between inclusions. This expression can be
obtain by summing up all members of series of
perturbation presented in diagram form.

In present paper the diagram technique for calcul-
ation of the dynamic properties of an anisotropic media
with randomly distributed inclusions (pores, cracks) is
developed. Statistical description of inclusions is
determined by distribution function dependent on five
groups of parameters:

— over coordinates;

— over angles of orientation of shapes;

— over angles of orientation of crystallographic axes;
over aspect ratio (in acase of elipsoida inclusions);
— over types and sorts of phase of inclusions.

Such datigtical approach dlows to take into consider-
ation any type and order of correlation interactions
between inclusions. The accounting of correlations
leads to generation of anisotropy of effective elastic
properties. In correlation approximation the dispersion
dependencies of the effective elastic constants are
calculated. Frequency dependence of coefficient
anisotropy of the elastic properties as a function of
space satisticaly distributed inclusionsis obtained.
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1 DIAGRAM TECHNIQUE FOR DYNAMIC
GREEN FUNCTION OF ELASTIC FIELD

Let's consider wave equation:

Lu=f (2)
where operator L hasaform:
L ()= Blkpatz VG BV, @)

and depends on parameters of media- density-p and
tensor of elastic constants C; (X).
The solution of the equation (1) can be written as:

U =[Gy (t—t;, x=x)) f, (X3, ) dxdlt; 3)

Substitution (3) to (1) leads to equation for Green
function G:

L, (%) ij (t—t,X=x) = —6”.6 (t—1) 0 (x=x,) (4)

We will consider the elastic constants of micro-
inhomogeneous medium as a random field and
correlation characteristics of this field will determine
the average eladtic field of displacement (3) for media
with inclusions.

In this paper for simplicity we will neglect the
fluctuation of density and will not consider its
coordinate dependence.

It is obvious, that average displacement <u> can be
expressed via average Green function <G>:

(U (t.59) = [(Gy (t=t;, x=X)) f (&, ;) dx,aity (5)

Let’s carry out the motion equation for average
Green function <G>. Elastic modules can be expressed
asasum average and random terms:

Ciu (09 =(Cyg 0+ C () )
and operator L, correspondently:
I—ij )= <Lij (X)) + L’ij ) (7)

where:

82
(L (09) ==y pgtz +V, Gy 0PV,
(8
Lic®=VCiuV
Substituting (7) into (4) and introducing Green
function G}, (t —t;, X — X,), which satisfy an equation
with average elastic constants (without fluctuations) we
can write:

(L”(x))G (t—t, x=x) =9§,8 (t—t) d (x—x) (9)

It is possible to show that exact Green function G,
which takes into account all fluctuations satisfy an
integral equation:

Ik(t tl’X X) G (t tl’X Xl) (10)

"‘fGn (t—t, Xx—X)) L’Ip (%) ka (t—t, x—x;) dxdt,

Let’'s denote:

G’= < L (11)
and express theiteration series for Equation (10):
G=G'+G’L'G°+G°L'G°L'G°+... (12

(for smplicity we do not write arguments, i.e. consider
G, L' asthe operators) in agraphic form:

I I
G = Komm o= € b € mom oKL

.. (13)

which is convenient for averaging.
Let’s introduce the correlation functions of arbitrary
order:

12—K (X,XZ) <L L2>‘

K123_ Kljk| <L L L3>_ I

Kz =K ijklpq(x X XgXy) = <L1L2L’3L’4> - <L’1L’2> <L’3L’4>
(L L) (L) — (L) (LY = /0

/7 1 Y

/\
\

(14)

and etc.

A correlation function of n-th order K, ~ can be
obtained by subtracting from central moment of n-th
order (L,,..., L) of al sorts of products of correlation
functions of low orders.

Averaging of (13) and substituting (14), obtains a
series for the average Green function <G>, which
depends on fluctuations of the tensor of elastic
constants:

A A A
I\ I\ I\
I\ I\ I

<G>=-- - =--<—-+-<- Ll geiciiclchico.
/T\ AN /A\

/ I \\ / ) \ / A \ (15)
ol i 4 el S ol On

2 DYSON EQUATION

Let's call the diagram in (15) nonreducible if it
can not be derived into two similar diagrams of
lower order by cutting along a solid line. There is only
onein (15), (4-th in the right part of the Equation (15))
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which satisfies this condition. Let’s introduce the mass
operator as asum of nonreducible diagrams:

A A

I\ /|\\
[ /1 /%N
[ REBN VNN

M =@ =-t<-- + -<a-<om + Lt

AN
/7 N \
NG

(16)

[ \

VRN VAN
+ Lodigis 4 Lotgiging

It is easy to see, that any reducible diagram in (15)
is reduced to similar nonreducible diagram (16),
connecting one, two and etc lines of G

<G>=-- =<+ -<-@-<--

+-<-@-<-@-<--+ ... (17)
After transformation of (17) we can write:
<G>=-- f - = -<-{ <+ -<-@-<-
< ¢ © (18)

+-<-@-<-@-+..}
After summing up in brackets (18) with help of (17)
we obtain Dyson equation in graphic form for average
Green function:

<Goz gzt g (19

or in analytical form:
(G, (t—ty, x—X))) = Gy (t—t,, Xx—X,)
+ [t At Gy, (E—ty, X=3) My, (=t X, —%5) (20)
(G (ts =t %5 =)

Using (17) the mass operator M can be written via
average Green function <G>:

" ’
A
VAN -
/ \

. > N
7 N e e N N
’ \ , ! N ’ s N N
— pe— \ 1 7 4 N A
M_._--4__+_’-<_-<_.\+__<__<__<__
~
PANN

SR
2 N

St ER TR

N N 2N
N

~ ~ ~
1 s N
1

(21)

~
N

3 EFFECTIVE ELASTIC CONSTANTS OF
MEDIA WITH INCLUSIONS. FREQUENCY
DEPENDENCE

Let's consider the case, when the size of inclusions
and distance between them (correlation radius ro") is
much less than the wavelength. Then we can use the
local approximation and write the Dyson equation (20)
inaform:

(G, (t—ty, x—X))) = Gy (t—t,, X=X,
+ fdtzdtsq,G?k =t % Y) M (L=t Y)  (22)
<Gr’r’k (t3 - t! X!y)>

where:
Mi (t=t, %) = [dyMy (t—t;, %, Y) (23)

Since each diagram in (21) is begins and ends with
L’ line and contents of an operator of gradient, then (23)
can be presented in aform:

M (t-1,X) =V, [Cr(t-t)

~ (Crn) 8 (t-1)V, ]

Using equation (3) we now return to the differential
equation for the average elastic field in a medium
with inclusions:

oty Ly (=1, %) <y (4,9 > = f; (6, %)

(24)

(25
where:

* 0?
Lic(t=1, 9 ==8,p — 8 (t-t,)
. ot (26)
+V, Gy (L=, X))V,

For calculating the effective tensor of elastic
constants let’s consider a correlation approximation for
the mass operator:

~
/N
\
\

M, (t—t,x=x)=/_"

m 27
=K :k (xX=x) G(;m (t—t,x=x,)
where:
KB (x—x,) = (LyL) -
= (VJ.Ci K (¥ V|ch - XV,
From here we can write:
Ciia (t=t) =(C)  (t-t) )

0 "
+ DG (=1, 3 =%5) By (=)
here:
Gompg (T =11 %=X = V,V .Gy (t—t;, X, = X))
BI;J;; (X —Xg) = <C’qu| (%) C’ijrm(x?))

In a general case the correlation functions of
fluctuations of eastic tensor are defined by statistical
distribution of inclusions with respect to the position
(coordinate of center), crystallographic axes, orienta-
tion, aspect ratios and phases. Here for simplicity we

will consider the case of space statistics of point
inclusions of one sort in homogeneous matrix. Then:

(G =Cifa * CIij|<| ' (31)

(30)

REVUE DE L’INSTITUT FRANGAIS DU PETROLE
VOL. 53, N°5, SEPTEMBRE-OCTOBRE 1998

732



FREQUENCY DEPENDENCE OF PHYSICAL PARAMETERS
OF MICROINHOMOGENEOUS MEDIA. SPACE STATISTICS

where: Cl1, C'., -tensors of elastic congtants of matrix

(M) and inclusions (1), correspondingly; n-density
of number of inclusions, v-volume of inclusion and
C'i= C'ya — Cij- Value of correlation function can be
presented in aform:

B x=x)) = Clijg+ Clym (V203 (x—x,) (32)

here: g, (x—x,) — pair correlation function of location
of inclusions.

Taking into account that that operator (26) in
eguation (25) depends on time difference and sup-
posing that distribution of inclusions in space is
statistically homogeneous, we can apply the Fourier
transformation to equation (29). This procedure allows
to obtain frequency dependent elastic constants.

Ci?kl (w) = fdceimci?kl () =<Cijkl>

dk 0 ijmn (33)
|
+IW Gmn,pq (()J, k) B;;qkl (k)
here:
Bl (k) = fdxe'k x)BI (X — x,)
0 Lo 0
G, pq (@, K) = iKyiKy G (@, K) (39)

djj —V; ViV

+
(Wk* —po? (L +2u)k? - po?

Last formula is a Fourier-image of Green function
G andv, =kj/k.

Goi (w,k) =

Lets consider far order in distribution of inclusions,
i.e. periodical distribution with period A, = 2mt/|K|
<<\ =2m/|K| in direction of k/k, and amplitude of:

Oy, (% —Xg) = 12 g0 cos k; (X, —Xg) €23l (35)

We assume that the attenuation o is small compared
with the value of inverse wavelength (I/A) and neglect
it. Then the Fourier — image of g can be written in
a form:

() = 5 g% [5 (k- ko) +8 (k+y)] (30

Substituting (36) into (34) and (33) we obtain (37)

In acase of isotropic inclusions:

= =
Ciju= 90+ u (éikéﬂ —9) (38)
and hence:
cN:u!kk (3 XI + 2 lll) 6ij ’ Kkj é.}ld
(39)

= KA 5, + 201 Kk,

Substituting (39) into (37), obtain (40) where W= K/
isaunit vector inthe direction k.

Rewrite (40) in acompact form: (41).

Substitution (34) and:

_ 2 1
G = W K—po? " (ot 20 K- po’ “)

into (41), obtain a complete dependence of effective
elastic parameters Cj; (w) on frequency.

(:;kl (w) = <Cjkl > + M G

| 3 mn, pg ((’0’ k) C’.':l}mncm'\‘plaqkl
e @)
nZ(VI)g(l) oy ay <>\'+2H> 1 1,01,0[,0], O~I
=(C. Y- ~|C kkC - - C kK k,C
< I]k|> (23'[7)3<M>k§—p(1)2 |: jmn pkq pakl <)\'+2M>k02_p(02 urmkmkn pkq qul]
Q?kl (w) = <C|jk|>
270,172 (D 2 . - ~
-0 ((\;Jz)? : <u>k§ko_ 00’ '[(3)‘-l + 2@'))\,'6”6kl +2A3 + Z’ll)aléijvivj (40)
—%{(5& 2o, + 200 (6,VEV2 + 0,V + A ) VYUY H
(41)

nn “ij

200\2 (D L2 o
S e

+ 2 G”o] ' [;"I d + 24 Vkvl]
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Using (42), find out an expression of coefficient
anisotropy as afunction of frequency:
) |C£1 _ C33| ) n2 (V' )Zg(l)k§ . 2@
(Cu) (2n)’ (h+2u)

43
_ A . 200 +11')
(Wks —pw® (A +2u)ks - pw?

As follows from (42), when frequency increase an
effective elastic constants decrease. This effect leads to
decrease of dastic velocities, when frequency increase.
It is important to point out that in our case a vaue of
(1K) is small compared with wavelength and while pw?
is small compared with (u) k3. This means that
denominator of the Green function does not vanish.

CONCLUSIONS

For microinhomogeneous media with inclusions the
problem of construction of macroscopic dynamic
equationsis solved using the diagram technique.

The exact expressions for the frequency dependence
of the tensor of elastic constants is deduced in a case of
agpatial distribution of inhomogeneities.

Frequency dependence of elastic constants and
coefficients of anisotropy is obtained in aframe of self-
consistent scheme.

ACNOWLEDGMENTS

This work was supported by the Russian Foundation
for Basic Researches grants no. 96-01-01228 and
98-01-00993.

REFERENCES

Shermergor T.D. (1977) Theory of Elasticity of Micro-
inhomogeneous Media, Moscow, Nauka Publ. 1-390 (in Russian).

Chesnokov E.M., Kukharenko Y.A. and Kukharenko P.Y. (1995)
Diagram method for calculation of effective physical parameters
of mediawith inclusions. SPIE, 257, 2-12.

Willis JR. (1977) Bound and self-consistent estimates for the
overall properties of anisotropic composites. J. Mech. Phys.
Solids, 25, 185-202.

Final manuscript received in August 1998

REVUE DE L’INSTITUT FRANGAIS DU PETROLE
VOL. 53, N°5, SEPTEMBRE-OCTOBRE 1998

734





